
Standard 11 : Double Integrals

Double Integration

Now that we have completed the applications of partial derivatives , we must find a way to reverse them . In calculus

I we use integration to reverse taking the derivative . Today we define double integration to do a similar thing for

partial derivatives . Similar to the partial derivative,
we treat one variable as a constant as we integrate with respect to

the other.

single variable review 1 1

Recall that S fix)dx= him , fix:) Ax gave the area under
n

,the curve f(x) for a =x=b by summing up an "infinite" ↑

number of rectangles under the curve .

do ↓
. In vs by s

I

rectangular regions
In this section we aim to integrate a function of two variables

,
fix

,y) . In single-variable we integrated over an

interval
,
for two-variables it makes sense to move up to a two-dimension region . We start with a rectangle .

Z1

z= f(x,y)
for the region R = E1x

,y11 ax =b
,

c = y
=d3

, we define the double integral to be

" SSR fIx
,4) dA

= S S! fix
,y) dydx=S?S? f(x , 4) dx dy . Similar to the single-variable

integral finding the area under the curve
,
the double integral will give the

-
- ......... ... volume under the surface by summing up an infinite number of tiny

----- rectangles under the surface. This means SSR fIX,y)dA= M E
,
fixi

, Xil DA .

Note that the inner differential matches up with the limits on the inner integral and the same follows for the

outer
,

i .e . if the inner differential is dy then the limits on the inner integral must have y limits .

To compute the double integral we use the same thought process as partial derivatives and work our way out :

SS , fIx,4) dA = S? [S4 fix
,y) dy] dx so we can first compute Sf(x ,y) dy by holding x constant and integrating with

respect to y.

example. Compute SSR x*y+ cos(ix) + siniTy) over R = <2
,
-13 x 20

,
1]

.

SSRxy+cos(πx)+SinIry)dA= S! S' xy+ coslxtsin (y) dx dy = Si Si x+ cosLix) + sin (Ty) dy dx

sin(y) is a constant w.r.

t X - S! (5 xy+ sin(x) + sin(y) .x]: dy = Se [5x + ycosTx) - cos(Y)]: dy
=S 1-14+ sin-T)+(-1)siny)-15(-2)4+ sinl-2)-2 sinly) dy = Se x + cos(x)+ - 10 + 0 - ) dy

- S ytsinly dy = S .
5 x + cos(x) + dy

I
= [Y - Icos(Ty)] ! = (x + sin (ix) +y]!
- (l - cos(a)-lla - cos(o) = al -1 + sin(-+) + 1-1) - (( -2 + #sin(-2) + (-z)
I 2

= a + F = +

Important facts :

· In the case of an indefinite integral, we replace the +c with a function of the other variable as it is a constant.

↳ For example f(x
,)

= x + 2y = fx = 3x2 t0 so S3xdx needs to be x + g(y)
· When dealing with a rectangular region ,

SS! fix
,yIdydx = SIS! f(x

,y)dxdy

↳ for non-rectangular regions there will be more work

· If f(x
,y) = g(x) -h(y) and we are integrating over the rectangle R = (a,b] x <c

,
d) then

,

SS f(x
,y)dA = S(g(x)h(y)dA = (Sag(x) dx) (Sqh(y)dy)



general regions
Most regions are not a rectangle so we need to consider SSR flx

,Y)dA where R is any region . Any region R can

be described in one of two ways :

(i) D= E(X
,y) a X = b

, g,
(x) =y292(X)3 (ii) D= E(x ,y) h, (y) = x = hz(y) , =y = d3

x=h,(y) x =hz(y)

X in X

.........

...... -

Y Y

SSp f(x ,y)dA = Sa S, f(x,y) dydx SS f(x
,y)dA = S!S f(x

,y)dx dy

Properties :

1
. SSR f(x ,Y) +g(x ,Y) dA=SSR f(x

,y) dA+SSi

2. SSR c . f(x
,4) dA = c . SSR f(x ,4) dA where c is any constant .

3. If the region R can be split into two separate regions R. and Re then SSR fIx
,y)dA= SSR,

f(x
,4) dA+SSRfIx ,4) dA

example . Compute SSRxe"dA where R is the triangle with vertices 10
,
31

,
11

,
11

,
and 15

,
3).

38
y = 3

·
The region can be described two ways : horizontally : R =E(x

,y)1 -=y + = x = 2y - 1
,
1=

y
= 33

vertically : R = R
,
URz y =

- 2x +3 =7 x =
- y+

1- Ri = E(X
,y))0= X =1 -2x + 3 =

y = 33 y = =x +

2 => X = 2y - 1I ⑧

R2= E(x
,y))12X= 5

,
2x + ! =

y
= 33

! is

SS xeY dA=SSR
,
xe"dA+SSanXe" dA SS xe"dA = S!" xe" dx dy

2y-1
Y

- So Sx+ Xe" dydx+S[xXe dydx = ExeY)
- =y +2 dY

- S!Lxe" J
2x+3 dx + S! [xe")x+ dx =S 12y-1)e"- )- y + )e"dy

2

- Si xe-Ye-2x+3dx+S xetx+ dx = S! Ee"((2x-1)2-(2 - ) (dy
1 Sxe2

+3

dx =S! =e"((zy -1 - (3 -y))dy
u = X

du= Idy
Y =Ex+3 = I!e"(4(2y -1)2 - 13 -y)2)dy

(x)( - e
-2x+3) - S -=e-2x +

3dX u= 4(2y-1)2 - 13-x)2dv= eY

-=xe-2x +3
- (e-2x +3) du=16(2y-1-2(y -3)dy v = eY

S
2 S

,
xetx+ dX = ((4(2x -11- 1y -3)2e" - (116(2y - 1) - 2(y -3))edy)

u = X du=ex+
du = 1dX v =

zex+ = ((4(2y -12- (y-32)e" -(,30y +22)e"dy]

x) (2ex+ ) -Szextdx n = 30 y+ 22 dv= eY

2xex+ - (4ex+) du = 30dy v = eY
e
2

- ) +

xe
2x +3-e-2x +3)]! + 2xex+ -yex+ ] = [14/zy-Il-ly-3e"-130y+zzle"+ Se" -30d4]-

X
-

2

↓=E + ze + e- 10 + 0 - )+ 10 -4-12e'-4el -(14/zy-1)?ly-31e"-10 y+22le"+ 3024]1 !
= e) + + 10 - 4) +el ++ - 2 -4) = (e"(4(2y -1)2 - (y -3) - 130y+22) +30)]1?
- - e - e(15 x240x+35) 1?

= (252- 5e)


