Standard 11 Double Tntegrals

Double '.En\—egmh'on

Now thot we have completed e applicotions of partial derivatives, we must find a woy Yo veverse them. Tn coleulus
T we use infegrakion Yo veverse taking ¥ne derivokive. Todoy we define double integrakion Yo do a similar Hing for

portiol derivatives. Similar to the partial derivative, we Ireat one varidble as a constont as we integrate with respect to
*e other.

single variable review ‘ \
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Recall that §2 fuodx = kim £, flx)nx gave the area under

e curve P For atxed by summing up an 'infinite’

NP

number of rec-\'ang\es under the curve. . . AR

rec’rangular regjions
In tis section we aim Yo in*egra’re a function of +wo variobles, £ix,\). In single - variable we integrated over an
interval, for two-variables i+ makes sense fo move up fo a two-dimension region. We stort with a red‘ang\e.
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for the region R=% lx,\)| a¢x¢b,ceyedd, we define the double integral Yo be
SSg fx,\) dA = S: Sf P,y dydx = SZ‘ 52 Fox) dx dy - Similar fo the sins\e-wariab\e,
integral finding the avea under the curve, the double integral will give the
volume under the surface by summing up an infinite number of finy

rectangles under the surface. This means SSRHx,sodAZ\;\v_\;\&g% flxe,vo) bA.
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To compute the double integral we use the same thought process as partiol devivatives and work our woy out*
“9_ Cix, N dA = S: [ §f CixNdyldx  so we can Fivst compute S‘Z' Flx,y) dy by holding % constont and in’regra’r'mg with

respect Yo y.

Compu’re SSR ¥yt cos(wx) + sinlmy) over R=E[2,-11x[0,1].
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= 2y + Weinl-m) + F10 - (7 10+ 7 sinl-zm) F7(-2))
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Tmportant facts:
*In e cose of an indefinite 'm\-egra\, we replace the t¢ with + a funchion of the other varioble os it is a constant.

L For example  Fxad= B+2y = fx=3x*+0  so § 3x dx needs fo be £+ aw)

* When de,a\ivxg with a rectongulor region, 58 Fx,\) dydx = §a8° £(x,y) dxdy

= for non- rectongulor regions there will be more work

*TE Elx\=g00hiy) and we ave integrating over the rectangle R=(ablxCe,dl then,
SSK Eix,y)dA = 85 gy hiy)dA = (S:Q(x) dx ) ( §2 ) dy)



genem\ Yeaions

Most vegions are not a rectangle so we need +o consider Nz 0 dR where R is any region. Any region R con
be described in one of two ways:

W D=t lacxe b, g,00eyeg, 008 G D=ilx.~n\ hi e xeh ), ceNyedl
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15, PxaddA= §6 §5n Flxoyd dy d §5o fxddh = §¢ S Bl dx dy
Properties:

1. §§g fuaw rgxapdh= e fuan dAx §Se
2. e et dh=c- §5g fxa) dA where ¢ is any constant.
3. If the region R con be split into two sepoarate regions R, and R, then ¢ LixdA= g, ) dA + 8o flxy) dA

Compute g xe' dA where R is e triangle with verkices (0,3),1(1,1), and 15,3).




