Standard 0': Dot ond Cross Product

Review of Veckors

Rasic Concepts

Vectors are used to vepresent quantities that have both a magnitude and a divection. Some examples you moy Wave
seen Yefore are force or velocily vectors from physics. For exomple o force vector might be something like
o person pushing o Yoy car forward witha power of 5 Newtons. Notice fhat the point of impact does not

matter, only the magnitude and the divection.
Consider this sketch of vechors on a 2-D coordinate  plane.
\ . \ While oll of these divected line segments originate from a different point, each of

tese arrows depict the same vector. Particularly, they depict o vector that moves
\ 0.5 units left and 1 unit up. We denote this vector by ¥=¢-05,4>.

Notice. that we pulled a vector, ¥, from a directed line segment AB from the point Az x,y,) o the paint
B= (x:,¥) by using the equal-ion V=¢Xa-X, , Ya-¥,%. This argument con be extended to 3-D space using the
directed line segment AB from A= (x,y.,2) Yo B=lxe,¥.,2.) and the equation V3= ¢X,-X,, Ya-N,, 2e-212. Nso naote
fnat the vector from point A Yo point B is different from its reverse vector going from point B o point A.

Let A=(2,-%,00 and B= (1,-3,-5). Grive ¥he vector for the divected line segments A® ond BA.

Hagnitude

We mentioned that o vector consisks of +wo parts: a magnitude and a divection. Sometimes we want o know just
¥re. magnitude of the vector a.k.a. the distance of the vector.

The m_agni’rude, or length, of the veckor V= ¢X, %e,%s> is given oy NN = Jixat ¥ bl (xo)*.

Determine the magnitude of each of the following vectors,
1 -
) a= ¢3,-5,10> ) U=<75 , & > ©) W=<0,0” d) t=<1,0,0>

Unit Vector
Similarly we may just want the direchion the vector points in.

A unit Lor direckon) vector is a vector of maogpitude 1. To find the unit vector divide the vector by its magnitude, e



Find e unit vector for cach vector below:
1 Z
) 3= ¢3,-5,10> ) u=<J3@,FE > ©) W=<0,0” ) t=<1,0,0>

Special Nectors
The zero vector ¢0,0,0” , often denoted B, is the vector with no magnitude and direction.

The standard Sasis vector is a unit vector that moves in the direction of an axis: ©=¢1,0,05, 4=¢0,1,0>, K=40,0,1>.

Nector Avitamelic

Pddifon ond Subtraction

Caiven the vectors a=<a,,d.,03> and b=¢b., 62,5, addition is defined coordinate - wise by the formula-

Gro= <oatbi, 02tbz ,a3+042

)
,/ )

Scolar Multiplication

Caiven o vector 2= <a.,d:,05> and any number ¢, the scalar mulliplication is ca= <ca., coa,ca3>.

Stondard Basis Vector

We con now see that every vector con be rewritten as multiples and additions of the standavd basis vectors, ie.

Dot Product ' (scalar Braduch)
Tust ke numbers, we wont Yo be oble Yo mulkiply vectors. We have 2 mulkiplications for vectors that ave important.

The Fiesk Rype of mulkiplicotion is ¥e dot product, denoted &+1 , and con e Found 2 woys:

(1) _ox 3 ox,bx are the x component of @ andb respeckively

. e ov, oy Ove Yne y component of & ond b respechively 2+b = 0xbx ¥ 04y

(-1 bv

be

2 o 6\ s ¥e mosn‘\’mde ot veclor &

%% o\ is e wwgm\'ude ot vector b 2 o =\3115\- cos®

‘A\ © is the ongle vetween & and ©

speciol properties:

l

=

Gy dea = \an' lidaeb=b0d (i) 0-a=0 ) ULV if ond only if U-V:0



Lo} 3=2-1,1,2> and B=20,1,17. Use the formulas Yo Find O, the ans\e, ‘between 3 and b.

Component ¢ Projection

Tt is helpful Yo see or know what avector would look like if proiected in the direction

- of another. This is ke coning , whnakis te shadow of one vector on another. We Fisk compule
e ¥ne component of © along 3,i-e- how much of & should b take up and Hen we multiply
tis by the divection (or unit veckor) of 3. This gives us the 2 parts of o vector, a
\K distonce ond o diveckion.

53 Byt D20 Y byay
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compy b = A = Jatrol ray Pro)s 0 =COMPpab © 1A= NEN &N

le¥ ©=<0,1,1> and a=<-1,1,2>. Compute e scolar comporent of © along 3 and e vector projecture of o along 3.

Cross Product Wector Product)

The second dype of mulkiplicokion gives us o vectov. The cross product , denoted & x 'G,s'wes a new veckor Yok is perpendiculor:

tne mogpitude. of Hne cross praduct is the aven of e parallelogram with sides & and B

3 * fhe length is O when e vectors 8 and B point in the same or opposite diveckion
%{V - * fhe length s ot woximum when a and © are at right anges

& _ .
3¢ = 0,03 - 03'0,, 030, -0,b;,0,5,-0,5,> = det 13 k
0, 0 Oy
_bl b, b)_
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b. b by |b, o,

= T (azbg -0y bt) "'3 (Gub; = Gsb.) ¥ -E La.b-,_-azb.)
N’exna\we woy \'o com\au&e. cross product

= 02037 + 03,3 ¥ 0ok —arb K —asbel -0,bs3
= (01b3-a3b1)‘ + (QSbl-a|b3)) + (albz'a-gb))k

A more geometric approach gives the formula, WaxBu= Nal-Iblsin® for 040 <.
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