
Standard 05: Calculus of Curves

Calculus of Curves

In single-variable calculus , you learnt how to take the limit , derivative ,
and integral of single variable functions, f(x) .

This section aims to extend these ideas to vector-valued function
,
i = <XIt)

, yIt), zIt) . These ideas can be extended to IR" .

limits

The limit of a vector-valued function is intuitive : lim [It)=1maxt) , yIt) , z(t)< = <1 Xt)
: !MaYIt : lim ECt

·
You simply

t -> A

take the limit of each component in the parameterization .

We can extend the definition of continuity of a single variable function to a definition of continuity for vector-valued

functions : a vector-valued function its is continuous at a if limit = rias
.

example . Is the vector-valued function [lt) = <EcosH)
,

t
,
sinit continuous at t = T ?

tim It): slim cost)
, it im since [(π) = ICOS (i)

,
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,
Tsin(π)>

t -> i
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.
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,
H . 0 >

= - T
,
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O =< - T
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~ It) is continuous at it .

derivatives

One of the main applications of limits from single-variable calculus is derivatives. We can extend the single-variable
definition the same way we did for limits. The derivative for a vector-valued function

,
vit

,
is defined as follows :

ad (rit)) = I'lt) = lim
F (tth) - F(t)

=<lim
x(t+h) - x(t) &

n->0 n- 0
n lim

y1tths-yIt
,im 1t+h1- z1t

> = x'It)
, Y'It) ,

z'lt)c = <dexIt)
, dty(t) , Elt) .U n

example .
Find the derivative of [It)=<tcost)

,
t

,
tsinIt) >

·

'(t) = < x (t)
, y'(t) ,

z'(t)>

x (t) = t cOS (t) x (t) = 1 · cost) - sinct) · 1

y(t) = t y'(t) = 1 ~'It) = <cos(t)-sinIt)
,

1
,
sint)+cos(t)>

z(t) = t sin (t) z'(t) = 1- sin(t)+cOS(t) · 1

properties :

(4+ ) = ' +* (.) =
' * +4

(c) = C .

'

I. ) = Yo + y.

(Ulvit)) = i'lvit)) . 'It) (4xY) =x + xY)

integration
Lastly , we extend the definition of integrals to vector-valued functions.

· indefinite integral for vector-valued function : Sit dt= <S xtdt
, Syltdt ,

SzItdt each component will have a +C
,

use = < , 2 , >

· definite integral for vector-valued function : Saltidt=Saxtdt
, Say It)dt ,

SazIt)dt to simplify

example. Compute the following integrals using [It)=it sinc
,

t
,
cost)

(i) S[(t) dt (ii) So[(t) dt
SECtdt=<StsinCE) dt

,
Stdt

,
ScosIt)dt> Stdt= Stsinl)

,
Sotdt

.
Scos(t)dt

= cosIt2)+C
,
+

, sin(t)+ = -EcosIt)]"
,
It J, sinIt)]

= < EcosIt)
,
It

,
sint+ = - I(cos(-1)

,
/T2)

,
O



Applications
Derivatives and integrals have a lot of applications ,

in fact the next standard is dedicated to one application of the

derivative
, we will discuss three short applications in this section .

equation of the tangent line
Recall from Calculus that the derivative of a function is the slope of the tangent line. For vector-valued

functions
,
the derivative gives a tangent vector that points in the direction of increasing t-values . This vector is

used as a direction vector for the tangent.

Given the vector-valued function
,
It

, we call 'lt) the tangent
vector provided it exists and is not 8 . The tangent line to It

at the point P is then the line that passes through the point 4
and is parallel to the tangent vector. If 'lt)=8 We would have

a vector with no magnitude and no direction .

Given that 'its=C
,
the unit tangent vector to the curve is

F(t)

given by F(t)= 115311 ·

[Its shown in black
, tangent line shown in red i .e .

vIt)=P+ +r'(t)

example . Find the general formula for the unit tangent vector and the vector equation of the tangent
line to the curve given by It)=<cost)

,
-sinIt)

,
t at t= i .

(i) F(t) = <cos(t)
,
-sinIt)

,
t

~'It)= <-sinIt)
,
-cos(t)

,
I

Il Flt)l1= -sinltlt)-cos(t+11)2'
I

-sint)+cost) + 1

= 1+1 = 2
F(t)

- sinlt)-COSIt) I

T(t) = 1151t)11 =

='
,

:
,
z'

I

(ii) T(T) = -' sink-2' cost),'L sometimes it is easier to find vial and II Flas 11
I

= <0
,
-2 !' separately and combine them for Tal

P= F(π) = <cos(π)
,
-sin(I)

,
T)

= < 10 ,
T

tangent line . Tilt) = <1
,
0

,
T + + 0

,
2

angle of intersection
suppose two curves ,

and in intersect at a point 4. Then the angle they intersect at can be determined by

finding the angle of intersection of the tangent vector vectors at the point 4.

- I so Curves can intersect multiple times (sometimes with different angles)&

~ so we must be careful when inputting the intersection point . Curves

X 8 8&
can also run at different "speeds" i

. e . the parameters could be
2π

·
--

↑ different for each curve at the point of intersection .

-



example. Find the angle of intersection for the curves 5
,
It)=<cost)

,
-sinIt)

,
t and rels)=<- S

,
-1

, In 1st

at the point P= 1-1
,
0

,
5)

first solve for the values t and v :
,
(5) = <cos(I)

,
-sin()

,
+ = - 1

,
0

, T
>! (1) = <- 1

,
11-1

,
InliltT> = -1

,
0

,
T .

Next find the tangent vectors : !It)=<-sin(t)
, -cos(t) ,

12 !Els)= <- 1
,
25

,
>

Tangent vectors at our given tss :
, 1) = 20

,
1

,
k ! (1) = <- 1

,
2

,
k

Angle between tangents at P : r, rz= 115 , Il - Il Fall cos(O)

<0
,
-1, . <-1

,
2

,
k = 110

,
-1,/1 - 11 - 1

,
2

, 11-cosIO)

(0(1-1) + (-1) (2) + (1) (1) = 103+ 1-13 + 112 -13
2

+ (2) + (I)2'COS(E)

0-2+1 = 2 cosO
- I

2
=

COS (0)

O = arccos)-)

arclength
There are two types of distance that are commonly discussed :

· displacement - the "direct" or shortest distance between the starting point and end point .

· total distance traveled - distance that takes into account the path followed .

Here is a 2D photo to show why both are important .

1

-Y
b

,
r(b) - F(b)) = the two points r(b) (a) subtracted

I

r 7
j bF(t) SIII'(t)IIdt= the distance traveled along the curve [it)>

↑ (a)
W

In CalculusI
,

we found that the arclength for a two-dimensional curve is given by L= Sa [fitl]+ SgLt]"dt .

The natural extension to three-dimensions is L= S2 If'it13'+ [g'It'+ Ch'lt)]" dt . We can simplify this equation to
be = S Il It)1Idt .

example .
Find the arclength of [It)=<t

,
3 cost

,
3sint where -5 t=5.

* (t)= 1
,-3 sint

,
3 cost

It'(t)1 = 12+ (- 3sint)+(3cost) = 11 +9 = /O'

1 S- 10'dt = 105-1-5)) = 10 10'

The last concept is the arclength function which tells us the distance traveled at timet . We define the arclength
function as sit)= SE lit)IIdt .

example . Determine the arclength function for It)=<t ,
3 cos(t)

,
3 sin(t)L .

'It) = < 1
,

- 3 sinIt)
,

3COs(t)

11
E

(t) 11 =

10
"

sit) = So 10'dt=t 10 = t 10'

We can also ask
,
where are we on the curve if we have traveled a specified distance? To find this we solve

the arclength function for t and plug the result into the parameterization .

example. Reparameterize the function into Itis .

S

S = tr = t = N

↓ (s(t)) = <
,
3 cos1)

,
3 cos1)



Standard 04 : NB frame
,
Normal Plane

,
and Osculating Plane

Tangent, Normal
,
and Binormal Vectors

In this section we want to look at an application of derivatives for vector-valued functions . We build on an application

we saw last time : the unit tangent vector.

unit tangent vector
↓ (t)

Provided 'It)#
,

the unit tangent vector to the curve is given by F(t)=115(t)1l .

example. Find the general formula for the unit tangent vector to the curve given by It)=<t
, 3sint)

,
3 cos(t) >

Fit =
1 n

v'(t) = -1
, 3cos(t)

, -3 sin(t)>

11 '(+) 11 = (11 + (3cos(t))+ 1-3sin(t))2'

= 1 + 9 cos(t) +9 sin(t)'
=

1 + 9(cos1t) +sin(t))'

= 1 +9 = 10
-1 3cos(t) 3sin(t)

T'H) = < 110'
, 10 10

7

unit normal vector
↑ (t)
->

Similarly ,
the unit normal vector to the curve is defined to be It)=11T't) 11 ·

example . Find the general formula for the unit normal vector to the curve given by 'lt)=<t
,

3 sin(t) ,
3 cos(t)> ·

T
->

(t)

Wit) = 11 '(t)11
,
FIt) = < v ,8

,

3coSt)-3sinct)
>

10 10
I

- 3
↑ It)= >0

,
sinIt)

,
cost) Fun facts about NitI

11 I'(tll = 027 (sin(t)) + /i cos(t))" · NIt) F(t)

- To sint) + to costs · Nit) [It)

= Fo(sinIt)+cos" t))' · Nit) should remind you of i = ca
,
b,

= Yo= · If 115(t)11 = c for all t then 'lt) 1 Fit)
O -

3sin(t)/r-3c0S(t)/n

WIt) =
< 3/N

,
3/1

,
3/1)

>
ex . 11 (t)11 = 1 for all t then Wit + F(t)

=O
, -sint)

,
-COS It)>

unit binormal vector

Lastly , we define the unit binormal vector of a curve to be BIt)=FIt) x NIt)
.

Big Terrible Nightmare

example . find the general formula for the unit binormal for the curve given by It)=<t
, 3 sint, 3cosIt) .

1 3cOS(t) -3 sinIt)
>

,
W(t) = <0 ;sinIt) ; cos(t)>B = F(t) x N(t)

,
FIt) = < /10'

,
10

I
10

>

B(t) = k Alternative formulas :

3cos(t) -3sin(t)is · Blt) =! Ein10 10

8 - sin(t)-cos(t) · F(t) = Blt) x FIt)
3 Not Bad Today

= Pocost) - 10' sintlY -I o'cos(t)-0) + 1 sinst)-0)K
= 1. (cos"titsintK) = + (cos(t))j-1To'sin(t)) E

-3 1
=

10 + 10'cosIt)5+ To'sinlt)k
-3 1 1

=>10' .·
10'COsIt)

,
10'sinIt)


