SYandard 05: Calculus of Curves

Calculus of Curves

In single-variable calculus, you learnt how to take the limit, devivative, and integral of single_variable funchions, £ (.
This_section aims }o extend these ideas to vector-valued function, 7= < xtt), yie), 218 >.

limits

The limit of a vector-valued Funchion is intuitive: lim Y1) = lim <xte), N, 21) > = < lim XL, lim y1&), lim 2>, Nou simply
t-oa t-2a t-2a t=0 t-a

Yake We limit of each component in the parameterization.

We can extend the definitkion of continuity of a single variable function Yo a definition of continuity for vector-valued
funchions : a vector-valued funckon 7ie) is continuous at o if lim ¥ &)= Y10

Ts the vechor-valued funchon 7)) = ¢kcosld), &, tsinlt)> continuous af t=T7

derivatives
One of the main opplications of limits from single-variable colculus is derivatives. We can extend the single -variable

definition the same way we did for limits. Te derivative for a vector-valued funchion, e, is defined as follows:

d . ) TlEt) - 7FLe) L6 +h)- X(t) ) 2(E4h) -3 (&)
de v = v'w) = ‘\"ITO h = ¢ \\;‘:no — . \irvc), A — ) L‘-% g = ¢ R, Vg, 2'(E) > = ¢ 3% xm,fé qlt),'jh(e) >,
n=

Find the derivative of #it)=<tcoslt), t, tsinle) >.

properties:

() = U+ (G:-¥Y=uv tud
(c)=c U \UeN Y= UleV + -
(GReY= G (e 31t LU V)= U'xY + i x !

Lasty, we extend e definition of integrals to veclor-valued funchons.
* indefinite inteqral for veclor-valued funchion: § #wde: ¢ Sxwdt, Sywde, S2wrdt >
*defirite_integral for vector-valued function: S Blovdt= < 5 x(e)dt, Sa y(0)dt, §2 26)db >

Compute the Fo\\owing integrals using YLt = <& sinlf), &, cosle)>
iy § W) de Gi) S: rit) dt



Applications
Derwatives and 'm’fegm\s have a lot of applications, in fact the next standavd is dedicated to ove application of the

derivative, we will discuss tvee short opplications in this section.

equation of the tangent line
Recall from Calculus I that the derivative of a function is the slope of the tangent line. for vector - valued

functions, the derivative gves a fangent vector that points in the direction of increasing t-values. This vector is
used 0s a divection vector for the tangert.

Given the vector-valued function, #(6), we call #'(¢) tne tongent

vechor provided it exists and is not O. The tangent line to (¢

at ihe point P is then the line that posses Hrough the point P
and is porallel o the tongent vector. TF #'11)=0 we would have
o vector with no mogn'\\-ude, and_no_divection

Given that #16)#0, the unit tangent vector Yo the curve is
. = Xl
given oy TIt)= nywil.

T shown in| black | +angen+ line| shown i ved ie. wp)=P +|t viw)

Fnd the gene,m\ formula for the unit tongent vector and the vector ecluah‘on of the jrangexm‘
line to the curve given by Pud=<cosit),-sinlt), £ > ot £=Ti.

sometimes! it is easier ¥a find ©ia) land 11 7'\
separgtelN and combine| them |For| Tia)

angle of intersection
Suppose two curves P, ond ¥, intersect at o point P. Then the angle they intersect ot can e defermined by

Finding the angle of infersection of the tangent vector vectors at the point P.

Curves can intersect multiple times lsometimes with different angles)
so we must be caveful when inputting the intevsection point. Curves
con also run at different “speeds" ie. the parameters could be
different for each curve at the point of intersechon.

J all 2T




Find the angle of intersection for the curves Bt)= <coslt),-sinl), £> and ¢, (s)= ¢-5,8%1, Inls)+ m>
ot the point P= (-1,0,m)

arclengih

There ave two types of distance that ave commonly discussed :

* displacement - the ‘direct” or shortest distance between ihe starting point and end point.
* botal distance tvaveled - distance that takes into account the path followed.

Here is a 2D photo to show why both are important.

: a: fE b: | U0 - T\ = e +wol points | FUD § F10) sublvacted
o> b o -
e T TLO Sq IF'LeaNdt = e distance troveled| along Wne cuvve ¢16)

Tn Calculus I, we found that the arc length for a }wo - dimensional cuvve is given by L= 5y JCRT + Egusﬂz'dl:-
The natural extension to Hree-dimensions is L= $a {CFw¥+ (g7t Ln'I]* dt - We can simplify this equation to
ke L= S n#ieidt.

find the arc\eng\'h of P)=<t,3cost,3sint> where -5£¢45.

The last concept is the arclength function which fells us the distance Yroveled ot timet. We define the arclength
Punclion as  str= & i di.

Determine the arclength functon for #W)= ¢ &, 3cosle), Bsinle)>.

We can dlso sk, where are we on the curve if we have traveled a specified distonce? o find this we solve
te arclength function for £ and plug the vesult into the pavameterization.
Re pavameterize the funckion into ¥ (etsn.



Standavd Ok TNR Frame, Normal Plane, and Oscu\ahns Plane

Tangent, Normal, and Binormal Nectors

Tn this sechion we want Yo look at an application of derivatives for vector -valued functions. We build on an applicakion
we saw last Hme: the unit tangent vector.

unit Yangent vector
2 2y . = _ e
Yeovided #'1£)#0, the unit -\-angen-\- vector 1o the curve is given by TWO= N .

Find the geneval formula for the unit tangent vector fo the cuvve given by #)=< £, 3sinlb), 3cose)>

unit normal vector

i T'e)
Similarly, the unit normal vector to the curve is defined Yo e Nitd= T,

Find the general formula for e unit normal vector to e curve given by F() = <t, Bsinle),Beosle) 7.

unit binormal vector

Losty, we define the unit binormal vector of a curve to be B ()= Tie) x N,
Big | Terrible Nigntmare

Find the general formula for the unit binormal for e curve given by lt)= <t, 3sinled,3coslt).

Not | Bad  Todoy



