
Standard 04 : NB frame
,
Normal Plane

,
and Osculating Plane

Tangent, Normal
,
and Binormal Vectors

In this section we want to look at an application of derivatives for vector-valued functions . We build on an application

we saw last time : the unit tangent vector.

unit tangent vector
↓ (t)

Provided 'It)#
,

the unit tangent vector to the curve is given by F(t)=115(t)1l .

example. Find the general formula for the unit tangent vector to the curve given by It)=<t
, 3sint)

,
3 cos(t) >

Fit =
1 n

v'(t) = -1
, 3cos(t)

, -3 sin(t)>

11 '(+) 11 = (11 + (3cos(t))+ 1-3sin(t))2'

= 1 + 9 cos(t) +9 sin(t)'
=

1 + 9(cos1t) +sin(t))'

= 1 +9 = 10
-1 3cos(t) 3sin(t)

T'H) = < 110'
, 10 10

7

unit normal vector
↑ (t)
->

Similarly ,
the unit normal vector to the curve is defined to be It)=11T't) 11 ·

example . Find the general formula for the unit normal vector to the curve given by 'lt)=<t
,

3 sin(t) ,
3 cos(t)> ·

T
->

(t)

Wit) = 11 '(t)11
,
FIt) = < v ,8

,

3coSt)-3sinct)
>

10 10
I

- 3
↑ It)= >0

,
sinIt)

,
cost) Fun facts about NitI

11 I'(tll = 027 (sin(t)) + /i cos(t))" · NIt) F(t)

- To sint) + to costs · Nit) [It)

= Fo(sinIt)+cos" t))' · Nit) should remind you of i = ca
,
b,

= Yo= · If 115(t)11 = c for all t then 'lt) 1 Fit)
O -

3sin(t)/r-3c0S(t)/n

WIt) =
< 3/N

,
3/1

,
3/1)

>
ex . 11 (t)11 = 1 for all t then Wit + F(t)

=O
, -sint)

,
-COS It)>

unit binormal vector

Lastly , we define the unit binormal vector of a curve to be BIt)=FIt) x NIt)
.

Big Terrible Nightmare

example . find the general formula for the unit binormal for the curve given by It)=<t
, 3 sint, 3cosIt) .

1 3cOS(t) -3 sinIt)
>

,
W(t) = <0 ;sinIt) ; cos(t)>B = F(t) x N(t)

,
FIt) = < /10'

,
10

I
10

>

B(t) = k Alternative formulas :

3cos(t) -3sin(t)is · Blt) =! Ein10 10

8 - sin(t)-cos(t) · F(t) = Blt) x FIt)
3 Not Bad Today

= Pocost) - 10' sintlY -I o'cos(t)-0) + 1 sinst)-0)K
= 1. (cos"titsintK) = + (cos(t))j-1To'sin(t)) E

-3 1
=

10 + 10'cosIt)5+ To'sinlt)k
-3 1 1

=>10' .·
10'COsIt)

,
10'sinIt)



curvature

We take a small break to talk about curvature . It will not be tested but is important to note .

The curvature of a smooth (i .e . everywhere differentiable,
I'lt)+8) measures how fast a curve is changing direction at

a given point. There are several formulas for determining curvature for a curve :

dF
k(t) = dS magnitude of the derivative of Fits reparameterized in terms of arclength

T
->

(t)

= (t) my favorite to use

[It) x "(t)
* It) 3

example . Determine the curvature for [It)= <t
, 3sin(t),

3cosIt) ·

='It) = <1
,
3cos(t)

,
-3sin(t) >

Ilit3II= 10

3 -3

#It) = < 10'
,

10'CoS(t)
,

10'sin(t)
-3 -3

↑ It)= O
, 10'sinIt)

,
10'COS It)

3
=>

It) =

10
11 I'(t)ll

=
10

= PR(t)= 11 'It) 11 10

Ferret - Serve Frame "T-N-B frame"

The T-N-B frame consists of : the unit tangent vector Fitl , the unit normal vector With
,
and the binormal vector Blt) .

&

1
~

..
1
With · unit tangent vector : "tangent", in the direction of

,
to the curve

· T
-

It) · 1
F(t) ·

unit normal vector : orthogonal to the unit tangent vector and the curve2 B

7 ↑

L I &

-

(t)

⑧

>

·
I

· unit binormal vector : orthogonal to both unit tangent vector and unit binormal vector

u

from these vectors we can define three planes :

(i) the normal plane : perpendicular to the curve it
,
contains the normal's binormal vectors

, orthogonal to the tangent vector
#

It) · It) -Folt= 0

ii) the osculating plane : captures the motion of itl , contains the tangents normal vectors , orthogonal to the binormal vector

B(t) ·< It)-Flt= 0

ciiil the rectifying plane: will not be tested
,
contains the tangents binormal vectors, orthogonal to the normal vector

#

It) · F(t) - rolt) = 0

example . Find the normal and osculating planes of the curve (t)=st
,

3 sinIt)
,
3 cosIt) at the point 10,0,3).

Step 1 : Find FIt)
,
Nit

,
and BIt) os(t) >

Fit =
1 n ↑ It)= 10, sinIt

,
cost BHt) = I

1
I k

3cos(t) -3sint)
v'(t) = -1

, 3cos(t)
, -3 sin(t)> 11 I'(tll = 027 (sin(t)) + /i cos(t))" 10 10 10

11 '(+) 11 = (11 + (3cos(t))+ 1-3sin(t))2' - To sint) + to costs 8 - sin(t)-cos(t)

= 1 + 9 cos(t) +9 sin(t)' = Fo(sinIt)+cos" t))' = cost) - 90 sintlY -Yo'cos(t)-0) + 1 sinst)-OSTe
=

1 + 9(cos1t) +sin(t))' = Yo= = 1. (cos"titsintK) = + (cos(t))j-)To'sin(t)) E
O -

3sin(t)/r-3c0S(t)/n 1 1
= 1 +9 = 10

-

WIt) =
< 3/N

,
3/0

,
3/N

>

= lo'costI t 10'sin(t)K
1 3c0s(t) 3sint)

>
1 1

T'H) = < 110'
, 10 10 =O

, -sint)
,
-COS It)>

9
10'COsIt)

,
10'sinIt)⑧

7Step2 : Find the time related to the point's plug in Step3 : fill out the lanes
1 3

t = 0 3sin(t)= 0 3c0S(t) = 1 0 X -0
, y -0

,
z -3 = 0

1 3

normal plane:=
#10)= 10'

, 100 > #10) = <0
,
0

,
1 B10) =>

,
Yo

,
0 osculating plane : 10'

,
10'

,
0· X-0

, y -0
, z -3= 0


