
Standar 07 : Partial Derivatives

partial derivatives

Recall that given a function of one variable ,
fix)

,
the derivative

,
fix) , represents the rate of change of the function as x

changes. The issue
, we have more than one variable to vary .

If we allow more than one to vary then we have an

infinite number of ways we can change them : same speed , one faster than the other, different degrees of faster,
etc

.
In this section we concentrate on changing only one variable at a time as the remaining variables are

held fixed .

In practice ,
the partial derivative of fif(x

,y) with respect to x is the derivative of f with respect to x while

treating all other variables) as a constant. We denote the partial with respect to x as fx . We can also define a

partial with respect to y similarly : take the derivative of f with respect to y while treating all other variables
as constants . This definition can be extended to a function with more than two variables. You can also take

higher partial derivatives ; Ifxlx , Ifxly , Ifyly : Ifylx . Alternative notation : fx(X
,y) = fx = 2 = 2x(f(x

,y))
=

zx = 2 = Dxf.

example. Compute the second partial derivatives of the following functions :

x sin(Y)
(i) f(x

,y)
= x2 + y2 + xy (ii) hIS

,
t) = tF(n1s2)+ - = s (iii) g(X ,y,

z) = z2
27 >Y

fx = 2x + 0+

y ft = 7tY(n(s) -
+

4 + O gx
=

Sinly)
1gy) x =

COS
z2 z2

4
- 3/7 X

fy =

0 + zy + x fs = +7 + 0 - 75 gy
= zzcos(y) (gy)y

= - z cos(y)
108 X

Ifx)x = 2 + 0 (ft)
=

=

42t (n/s2) + +S gz
=

- 2 xsin) (gy)z =

-2z-

3 cos(y)
- zsin(Y)

(fx)y = 0 + 1 (ft)s = 7t 5 + 0 (gx) x
= 0 (9z)x = z2

Ify)x = 0 + 1 (fs) +
= 7 t

3
. 5 + 0 Igx)y = cos(y) (gz) y

=

-2xcos(y)
z3

(fy)y =

2 + 0 Ifs)s =
-t. z + 125 - 10/7 19x)z

=
- 2 YY (gz)z

= 3 xS

Clairant's Theorem. Suppose that f is defined on a disk D that contains the point la, b) . If the functions fxy

and fyz are continuous on this disk then fxyla,
b) = fyxla c

b)
.

gradient
There is a special vector called the gradient vector of f= f(x

,4) defined by If = <fx , fyc .
This can be extended.

example . Find the gradient of the following vectors :

9 x sin(Y)

(i) f(x
,y)

= x2 + y2 + xy (ii) hIS ,
t) = tF(n)s) + +3 - = s (iii) g(X ,y,

z) = z2

- 2xsin(y)
If = <2x + y , 2y + x> If = <7tYn1s)-27E

,
5 + 57> If = <si!, cos(Y) a zu

chain rule

The name chain rule should immediately bring to mind the chain rule for derivative of single variable functions :

if f(x) = f(g(x)) then F(x) = f'(g(x)) ·g(x) . Alternative notation for this same phenomenon is : if y
= f(x) and x=g(t)

then = & .. We want to extend this concept to multi-variable .

Given a function of two variables f(x ,y) and two input functions xIs
,
t) and yIs ,

t
,

we can set up the

following tree :

f(x
,y) We can now use this diagram to compute the partial derivatives Is and 2 :

To find s we move from the fat the top of the tree down to the two s's .

x(S, t) 115,t) Each time we go down a line we take the derivative of the top over the bottom .

If we continue down the tree we multiple the partial derivatives .

S + S t If we need to reset to thef to head down a new path then we put a

plus between the terms .



following these rules we have Is= 2.+s and t = 2. +2. . This can be extended to fix
,y ,

z)
.

example. Suppose that z= fix
,y) is a function of Xandy and we have input functions x =st and y = 2st . If = 10

and E = 0 When 1s
,
t)= 11

,
2)

,
find 25 and 2 .

z 10 = E= + s =-

x Y =125)+ 12t)

s' s E a+ (1
,
2) = -(2) + =(4) a+ (1

,
2)

= = - (-4) + 2 = (2)

solve the linear equations 10 = 2+4 and 0=-4+2 = = 1 and 4 = 2 .

application
The gradient gives the normal vector of the tangent plane at a specific point. We can use the information

in this standard to solve the following problem :

example . Show that the paraboloid 2x+y-z = 5 and the sphere (x-31+ly-4)+ 1z-Y= Y are tangent to each
other at the point 11,

2
, 11

. find a plane tangent to both surfaces at 11, 2 ,
1) .

z

1

f(x
,Y ,

z) = 2x + y2 - z G(X
,y ,

z)= x2- 6x + y2 -8y + z2- z + 4

If = <4X
, 24q - 1) 7G= < 2x - b

, 2y - 8
,
2z -1

If(1,
2

,
1)= 34

,
4

,
-1 -G(1 ,

2
,
1) = < - 4

,
- 4 ,

7

TG

I <
Since <4

,
4

,
-12=-1-4

,
-4, So If and IG are parallel .

-

-
....

..... Therefore they are tangent at 11 , 2, 11.

---
-

-...

...

i >X

> F
tangent plane : 4(x-1) + 4(y-2) - (z - 1) = 0

4x + 4y - z = 1

"


