SYandard 08: Divectional Derivotives

directional derivatives

Up unkil now we hove seen wo partial derivakives, & and £4. These derivatives vepresent the rate of change
of £ ac we vary x while holding y fixed and the rate of change as we vary y while holding x Ffixed,
respechively. We now woant o find the rate of change of £ as we vory x and y simultaneously. As
mentioned previously, there are many woys fo Nary both xand \: diffevent speeds, different directions, etc.

Suppose e want  the rate of change of £ ab the point Xe,yod and we want both xand y fo increase
bub % ‘o increose fwice as fost as §. We con model this change using position vectors, start at (0,0)
and increase X twice as much as \.  Bur wait! ¢2,1>, <As‘,%> ,¢0,5”> qgll meet the criteria. We need a
woy 1o consistently find the rate of change in a direction.

We do this by insisting +ha’r the vector that defines the direction of change be a unit vector. For our example
We unit vector is =< &, % >. Tn some cases the direckion of change may be given as an angle, when
this hoppens we use the unit vector ii= <cosl®), sinl0)>.

Now ot we have discussed the divection of chonge in depth, we can now Find e vate of change of £ in

o specified direction:

The. vove of change of fix,y) inthe divection of the unit vector ii=<ab> is called the directional devivative and is
found by Dg flxy= Fxlxyyat KX, b = IFxy)ed.

find the direckional derivahwe of e following, funclions in Yne ma’rc,\ning divection®
o) Fxy)= \\e"+\;z,e=l‘z' o flxN,2Y= 22 ¥ P2 -xy2 , V= ¢-1,0,1>

maximization

The maximum value of Daf is given oy Wefll and will occur in the direction given by vE.

proof. Using the dot product vevsion of the directional devivotive, fhe formula of the dot product with cos®, and
e fact thot the magnitude of a unit vector is 1, we Yove  Oaf=VE-d = ITENITN cosle) = WYEI-cos(O).
To moximize e formula we musk maximize cosl®) which has a vonge of (-1,11. The woximum value of
cos®) occurs at 0= 0. Therefore e moximum value of s £ is IIVFl and occurs when e angle between VP
ond @ is O ie. wn tre divection of the gradient.

Find the maximal rate of change of Hhe following functions at the point given:
oy Flx )= yeX+ry? | (ab)=(0,1) (o) Flxy,2)=Xztv’z-xy2 , lab,c)=(1,0,1)



