Stondavd 09: Local £xtvema

Local £xtrema

It is time to,0nce again, extend an idea from coleulus T into mulki~ariable.
1. A funclion Fix,y) has a local lor velative) minimum at the point (a,0) if F(x,\)2 Flo,b) for all points (xy) in some

region ovound (a,b).
2. A funchion F(x,y) hos a local lor relakive) moximum at the point loyo) if Fix,\) ¢ Fla,b) for all points xy) in

some_region avound (a.b).

The words local ond velative highlight the fact that the local minimum may not e the smallest value the
function will ever take. We just requive it +o be the smallest ina small ovea avound it. Tne same holds for
the local maximum and it being the highest value. We will cover how Yo find the absolute exivemas over
both o Younded region and the entive domain.

Tn colculus T we found the local extrema by using the first derivotive Yo Find critical points LF1x):0 or DNE)
fhen testing the surrounding points to determine if e critical point is a moximum or minimum. We need
‘o ove on analogous test for mulkivariable calculus.

criicol points

We extend ihe idea of a critical points to funclions of two variables. The point  (a,0) is a critical point of
Fix,) if one of e Following is true:

Gy F(ap)=0

G Felasd) andlor £ylo,b) doesn't exist

Tf the point (a,b) is a local extrema of the funchion £xy) and the first order derivakives of fix,y) exists af (a,0)
then la,0) is a crikical paint of flxy) and VPla,b)=0.

Consider Yhe function £lx,4)=xy. The two first order parkial derivatives ave §ix,\)=y and & lx,y)=x. The
only critical point for the funclion is (0,0). T we move n fhe  positive x and
positive \ diveckion the funchion increases. The some thing happens in the
negative x ond negative y divection. T we move n any direction wheve the

% and y differ in sign ten the function decreases. No matrer the region
around the origin, there will be points lorger and smaller than £(0,0)-0.
Thevefore (0,0) con not be o loca) minimum or maximum. We call Hhis
phenomenom o soddle point.

second derivative Yest

Suppose that La,b) is a critical point of €(x,y) and thot tne second order parkial derivakives are continuous
in some vegjon that contains la,b). Next define Dio,b)= Fuxl0,0) Fyyla,b) = [ Fxy lo,))> We hove four coses:
1. If Dlo,p)>0 and  Fx10,5)>0 ¥en tneve is a locol minimum ot la,b)

2. IF Dlo,9)>0 and Fx10,0)¢0 Pnen there is a local moximum ot la,b).

2. T D, ¢0 then e point la,b) is a soddle point.

Y. TF D(a,0)=0 then the Yest is inconclusive.



TIn colculus IL e procedure is: Find and classify e critical points of
1. And crikicol points. Fled= X b xy ¥y -44=0
crikical points appear when te gradient is O, ie. VF =0
2. Compute the deferminant of e Hessian of £ ot crikical points.
Diayb= det i, = deb (£ FY) = P fuy eyt
3. Compare Diap) and £ Lo
° i Dwp)>0 and Fxx(0)0) >0 ten Fob) is a local mimimum volue .
* i D20 ond Fxx(0,0)20 ten Flo,b) is a local moximum value.
*if D)) 20 then (o)) is o saddle poink
* i Dla,0d=0 then the test fails.

Mosolute Exivema

We want Yo optimize e function, ie. find maximin, on o given region. The moximum and minimum of the closed and bounded area
musk occur some where in the region ov on its boundary. We know how to find local exivema using critical points, now we just
need Yo test if the mox/min is in the region or if the boundary contains onother extrema. Take this graph os an
exomple _/o\._'/’-_{ » ¥ has criticol points 0,'2,5/4 bul if we set the boundary constrainky Yooe 0¢x<1 then

our obsolute mox would occur ok 1 and not ot o crikicol point.

Process Find We absolute extvemas of Flxy)= 2xt-y2 by on by il
1. Crikical Points i region

2. Crikical Points on boundary

3. Plug into function Yo identify

extreme value theorem
‘A regjon is called closed if it includes its boundary. A vegion is called open if it doesn't include any of its boundary points.
" A region is colled bounded if it can be completely contained in a disk.

Extreme Nalue Theorem. T fix,y) is continuous in some closed, bounded set R in R then theve are points in R, (x,4) and txz,y0),
so that £x.,\) is the absolute maximum and (x.,\.) is the absolute minimum of the function in R.



