
Standard 13 :Triple Integrals - Rectangular Coordinates

Triple Integrals

The next step up from integrating over a two-dimensional region is integrating over a three-dimensional region. It should come

as no surprise that we use a triple integral to integrate over a three-dimensional region .
The general triple integral is

SSScfIx ,Y ,
z)dV .

rectangular prism region

Over the box B= <a
,
b3 x (c,

d3 x (r
,
s = Ex

,y ,
z)) ac x = b

, cy=d ,
r =z=s]

,
the triple integral SSS f(x

,y ,
z)dV = (2)! S! flx ,y ,

z) dxdydz .

Note:

we could rewrite this integral six different ways , dxdydz , dxdzdy , dydxdz , dydzdx , dzdxdy , dzdydx .

example .
Evaluate SSSB8xyz dV for B= [2

,
37 x 51

,
23 x <0, 1] .

ISSe8x yz dxdydz = Si SS! 8 xyz dz dydx - S ! SiS ! 8 xyz dzdxdy =S! S! S 8 xyz dx dydz
-S? S ! 4xyz I dydx -SiS : 4XYz 10 dxdy - S ! S! 4x yzdydz
=S? S : 4xy dydx - S , S : 4xy dxdy - S! S? 413) y z - 4(2)

*

yz dydz
=S? 2x1dx -Si 2xydy - S! S! 3642-16yz dydz
= S? 2x(z)" - 2x)I dx -Si 2x13)" - 2x(z) dy - S

!
S. 20 y z dy da

=S? x dx - S , 18 x -8 x dy =S
! 10 y !? da

= 3x 1 ? -S . 10x dy - S
! 10(2)"z-1011) z da

=

3(z) - 3/2)2 = 5x21 -S30z dz

= 27-12 - 512) - 5(1)2 -15 z I!

=15 -15 =15

Recall the calculus I explanation of the double integral : A = S! g,1x)-g ,,x)dx = S, 1 dydx .
We can make a similar assertion for

triple integrals : v = SSR 4x ,y) -4
, (x,y) dA = SSS 1 d= dA = SSSe1dV .

general region
We have three ways to describe a general region in three-dimension :

(i) E = E(X,y ,
z))(x

,y)eD , n , (x,y) = z = u=(X ,y)3

Z
N

z = uz(X,y)

= D is the shadow region in the xy-plane

SSS-fIx
,y ,z)dV=SSe SS, fix

,y ,
z) dz] dA

......... z=
4. (X,y)

2n

! !

x" u
>Y

example. Evaluate SSS=2xdV where E is the region under the plane 2x+3y+z = ↳ that lies in the first octant.
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-

s
,

y= x
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· Sketch 3-D graph"
B

· Project onto xy-plane
· Find bounds for Dand z

X
D= [(x

,y)/0 X = 3
, 02y

= - 5x + 33 SSS 2xdV= SSx [S:
--

2x dz] dA

SSx fix
, y ,
z)dA = S? S

:

**
fix

,y,
z)dydX - S? I: x

+

2gb-2x-* dzdydx



(ii) E = [(X,y,
z)((y,z) eD

,
U, (y,

z) = x
= Unly,

z)3

z
x= U :(y,z) a

↓
- ---

-

i D is the shadow region in the yz-plane8 " !SI SSS2 fix,y,
z)dV = SSCSY! fix,y,

z) dx] dA
7

W--

x=

Uz(y, z)

x <

Y

example. Determine the volume of the region that lies behind the plane x+y+z=8 and in front of the region in the ye-plane that is bounded by

z=3/2Y and z = 3/4 -

Y .

·Sketch 3-D graph
z

z
=
2 · Project on yz-plane

I zay ,

· find bounds for D and x

D = E(y ,
z)(0 =

y
= 4

, 5y= z= 3 SSSzIdV=SSpIS: Y dx] dA

-S"g"So-**

1 dxdzdy

(iii) E = 5(X
,y ,
z)((x

,
z)=D

,
u,(x,

z) = y = Uz(x,
z)3

z
Y

= u,
(x,z)

D is the shadow region in the xz-planeDC
amaz

SSSz f(x,y ,
z)dV = SSeSY! fix,y,

z) dy] dA

Y
*

example . Evaluate SSS 13x+3z"dU where E is the solid bounded by y
= 2x+2z2 and the plane y

= 8 .

Z Z

·Sketch 3-D graph
D

x
------- X

· Project onto xz-plane
Y

· find bounds for D and y

D = E(X
,
z)1 x

2
+= = 43 (SSz/3x2+3z2'dV = SS((x2+zzz/3x2+3z2d4]dAD

=E(X
,y)) - 42 x = 4

,

-

4 - x2 z ! 4 - x23 - S! S
."* Stz 3x+3z" dy dadx

The last example highlights the fact that some regions are better described using slices of a circle than rectangles . As a thought
exercise

, imagine what the X
, Y ,

z bounds would be for a cone or a sphere and if they could be simplified with radii and angles .


