Standard 1b* Line In'\'egmls

Line Tntegrals

Nector Felds
A vector Field on two lor three) dimensional space is a Funchion F that assigns to each point (xy) lor (xy,2)) a two lor thveed dimensional

vector given by ?l)(,\n (or ?(X.‘l,ﬂ\.
stondovd notation: ?(x.y)-' POyt + Qx5 lov ?lx,y,z)z\’(x,\l,t)‘t FOlxy2)3 + Ry, E ) where P0G lond R) ave scalar funchions.

Sketch e Following vector field Fx,y)=-yi+x; somple evaluakons:

find ¥he gradient veclor Fiek'i of e funckion Flxyd = x*+ N1
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Line Trtegrals (with respect to avclength)

TIn colculus T, we integrated £, a function of a single variable,over on interval €a,61,i.e. X takes on e volues of e line segment
fyom o Yo ‘o.Witn \ine integrals we want Yo integrate the funckion £ (x), 0 Funclion of hwo variables, over ihe cuvve C,ie. fne
values (x,y) must hie on e curve €. Note ot this is different from double integrals wheve te values wxv) came out of a 2D region.

Given o curve C parameterized oy x=hlt), y:glt) with act <o (also written Fir=nlO)T+g®)3 For as¢<b).The line integral of
Clxy) along € is denoted by fo Flxy) ds where ds is denoting ot we ove goingover o curve (rather Hhan area being dA).

from avclengin L= S: ds ysheve ds= l‘ﬁ)"‘-(ﬁ)‘ dt.
I—‘, b
We use tis to compute the line integrol Se fixy)ds = S: Elnle),ge)) (‘ﬁ)"b(‘g)' dt =S. FOnl),gleM N7 W) dt.

Evaluate e xy*ds uwhere C is the right half of the circle, Riyt=lb dvaced counter clock wise.
9

Find Yhe arclength of the curve parometerized by r(t)=¢Ycostt),Ysinlt)> For ~Z £ €T,

This line integral utilizes the fact that € is o smooth curve i-e. conkinuous and 7'(©)20 For all €. We now hove to consider piecewise

smooth curve, i.e. € con e written as e union of a finite colleckion of smooth curves C,...,En where e endpoint of C; is the
star ting point of Ci.The line integral of the piecewise smooth curve C= ?Gg is Sc Flxy)ds = sc,ctx.w) ds ¥ Sc‘(-'(x.y) ds +...¢ S,:“ fx,y) ds.



Evaluate Se Uxlds where € is ¥ne curve shown below:

*C;x:\

// C-,,'. \|=x3-\

for sake of completion we nclude a 3dimensional exomple:

Evaluate Se xyz ds where € is the helix given by ¥ (£)=<cosle), sinle) 36D and 0% b U
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Line Tntegrals (with cespect +o x and/ov §)
The previous section covered line integrals with respect to avclength. This sechion will laok at line integrals with respect to x andlor y.

Me gtar}t with oo parameterization of a hwo-dimensional curve C: x=x(¢), N2 NE) , ast .
* The line in’fegm\ of £ with respect to xis se Elx ) dx = Sa £ (xte), yle)) x'te) de.

*The line_integral of £ with respect to y is Se Fxyddy = S: Flxter, yleN YL dt.

You may also be asked to Find ¥e combination of these:

*§e Pdx + Oudy = Se Plx) dx + Je Olxiy dy

Evaluate Sc sinlrydy +yx*dx where C is e line segment from (1w to 0,2).

Tn tree - dimensions, Sc Pdx +Qdy + Rdz = Se Plxy,2) dx + Sotxy,) dy ¢ Sc Ry, d3
. Evaluate Sc ydx t xdy + z2de where C is given by xzcost,y=sint, 2=¢ , O €< 2.

Line Tntegrals of Vechor Fields
We stort with We vector Field flx,w.ﬂ'*’?(x,\,,t)t FQUxy,2)3 ¥ R(x,y,2)K and the thvee-dimension,smooth curve #(£)= x(6)T O3 F K

2 = b = L,
a<t<b. The line integral of ¥ along C is §e Fod? =% Flrun « ¥y dt.




Evaluate Se F-d# wheve ftx.y,z)=8x‘s|zt F525-Uxy K and C is the curve given by Flt)=£ 1Tt e+, 04441,

We can also rewrite § cj-d? using the previous section:
Sefed? =ty (Pe+O5+RE)=(x'Th y' 5+ 2k ) dt

» SolPx O H R Yol

’S:Px'dé } S:Gv'alé E 5 R e

=Jo Pdx 4 §¢ Gdy + S R ds

= §e Pdx +Ody + Rd2.

wor K
Ore application of line integrals of vector fields is work. Suppose we have a particle moving a\ong a path C in the presence

of a force field F. The work performed is given by W= e F-Tds = - Pl Taem 7o dt = ) Flewn-piorde - Je F-d?.

Find e work done oy ¥he force Field Fin= <xy,3¢> and C is pavameterized by )= <t €7, 0¢ b1,

AddiYional Fovmulas
ovc lengHh: s.chs =S¢ ds
vector J . Pdx = - Je Pdx
S-ccd1 z - Sd‘dw
g.c bda = -Sefde
§.c Pdx 10dy+Rdz = - §ePix HQdyiR de




