
Standard 16 : Line Integrals

Line Integrals

Vector fields

A vector field on two lor threel dimensional space is a function - that assigns to each point (x
,y) (or(x

,y,
z)) a two (or threel dimensional

vector given by Fix,y) (orI(x,y ,
z1)

.
You might have seen these in physics to show the flow of a fluid or wind movement in the air.

standard notation : f(x
,y) = 4(x

,y)i + Q(x
,y)J(orf(x,y ,

z) =P(x
,y ,

z)i + Q(x
,y,z) j + R(x

,y ,
z)E ) where 4

,
G land R) are scalar functions .

example. Sketch the following vector field F(x
,y)=-yitx; sample evaluations :

~

F(t
,
z) = - i +I W

F(t,z)= =i + !5
· -

W
7

F(2
,
4)= -ii +25 ~

2

-

3

example . Find the gradient vector field of the function f(x
,y) =

x +y.

F(x
,y) = Yf(x

,y) = 2xi + 245 * 4 Y
↑

- -r ↑

- -2 ↳ -> ->

↓ -

X x * ->

↓↓

Line Integrals (with respect to arclength)
In calculus I

, we integrated f(x)
,
a function of a single variable

,
over an interval [a,b3 ,

i . e . x takes on the values of the line segment

from a to b . With line integrals we want to integrate the function f(x
,y) ,

a function of two variables
,
over the curve C

,
i .e. the

values (x
,4) must lie on the curve e

. Note that this is different from double integrals where the values (x,y) came out of a zD region .

Given a curve e parameterized by x=hIt)
, y

=g(t) with act = b (also written (t) = h(t)i +g(t)
; for a <t = b)

. The line integral of

f(x
,y) along & is denoted by Sef(x,

y)ds where ds is denoting that we are going over a curve (rather than area being dAL .

I

Recall from arclength = S2ds where ds= (*)+ (i) dt .

We use this to compute the line integral Sefix,yIds=(?? finit
,g(t) (a) +(l" dt= S! fint)

,g(t)) Il (t) /I dt .

example. Evaluate Sexy"ds where e is the right half of the circle
, xty = In traced counter clockwise .

The parameterization of x+y=16 is given by x=4cost
, y

= 4 sint and the right half of the circle comes from It

Now compute ds=Ilr'lell = 1-4sint)'+(4costs" dt = 4 dE . Which gives the line integral Sexy"ds=1, "cost (4sint)" (4)dt =

8!

example . Find the arclength of the curve parameterized by rit)=<4cosIt)
,
4 sinIt) for - It

.

L= Sids = Sa I (t)lldt '(t) = <- 4 sinIt)
,
4cos(t)<

↑12

= S-112 2 dt 11 't)ll = (-4sin(t)+14cos(t)2'
#12

- It -+12
=

4 Sint)+4cost

= 21 + ) = 4

= 2π = 2

This line integral utilizes the fact that e is a smooth curve i . e . continuous and i'lt)Fo for all t . We now have to consider piecewise

smooth curve,
i.e .
I can be written as the union of a finite collection of smooth curves ...... en where the endpoint of C: is the

starting point of Cix .

The line integral of the piecewise smooth curve C = Ye : is Sef(x,y)ds=Se,

f(x
,) ds+ Se

,
f(x,y)dst... Senf(x,y)ds .



example. Evaluate Se4x'ds where e is the curve shown below :

parameterize :

I 2 :

x = t
, y =

- 1 -2 t 0 Se
.

4xds= S24t +los"=-1eesx=

22 :

x= t
, y = t - 102t =1 Se

-
4xds=S64t 1 + 9t" = 7 (10-1) = 2 .

268

⑧ 7 ⑳
-22: y

= x3- 1 &3 :

x = 1
, y =

t 0It = 2 Se
,

4xds= S! 4(1" los +(I'dt = &

2:y= - 1
C = C , CzuC3 Se 4xds = Sc

,

4xds + Se
,
4xds+Se

,
4xds = - 5 .

732 .

for sake of completion we include a 3-dimensional example:

example. Evaluate Sexyzds where C is the helix given by rit)=<cos(t)
,
sint)

,
3t) and 02t= 4.

- 48 Sexyzds= S.
"*

3tcost) silt sinttcostta'dt
I

- 38#W - 20& N
~ ~10

- I --

" 7 !
A

-

Line Integrals (with respect to x and /or 4)

The previous section covered line integrals with respect to arclength . This section will look at line integrals with respect to x and/or y .

We start with a parameterization of a two-dimensional curve & : x = x(t)
, y = y(t)

,
a <t = b.

·

The line integral of f with respect to x is Sef(x
,y)dx = Sa f(x)t)

, y(t)) x'(t) dt -

· The line integral off with respect to y is Sef(x,
y)dy=(! f(x(t)

, y(t)) y'It) dt -

You may also be asked to find the combination of these :

· Se4dx+ Ady = SeP(X
,y) dx+ SeQ(x ,y) dy

example . Evaluate Se sin(ry) dy +yx'dx where C is the line segment from (1
, 4) to 10

,
2) .

parameterize : F(t) = (1- t) < 1
,
4 + x0

,
2 = <-t ,

4-2) for Oct=1

Se sinCry) dy +yxdx = Sesincry) dy+Seyx'dx
= S
! sin114-2t)) (-2) dt + S! (4-2t) (1-t (-1) dt

= - cos(4-2πt)]!-(- ++ -= 5t +4t)]!

=- 7/1

In three-dimensions
,
Se4dx+Qdy+Rdz = Se P(x

,y,
z) dx + Sa(x

,y,z)dy + SeR(x ,y,
z)dz

example. Evaluate Seydx+ xdy+ z dz where C is given by x=cost
, y= sint

, z =t
,

02t1 2π .

Scydx + xdy + zdz = Seydx + Sexdy + Sezdz

=S?"sint(-sint)dt+S
*

cost(cost)dt+S!* +(2t) dt

--So
*

sin'tdt+S?* costdt+S
*

ztdt

=- S
*

(I-cos(2+)dt + S
*

(1+ cos(zt))dt+ S?
*

Itdt

=(- (t- =sin(2t) + It+ sin(2t)) + It")]:*
= 8π4

Line Integrals of Vector Fields

We start with the vector field F(x
,y ,

z) = 4(X,y,
z) i + Q(x,y,

z) ; + R(x,y,
z) R and the three-dimension

,
smooth curve (t) = x(t)T+y1t); + z(t)K

a = t = b
.
The line integral of I along C is S, Fodr=S" F(rsti) · Filt &t .



example . Evaluate Se F ·dr where FIx ,y,
z)=8x zi+ 575-4xy and C is the curve given by It)= +it+ +tE

, Oct= 1 .

F(r(t) = 8+ (t2)(+3) + 5+ - - 4t(+2)k = 8+i +Stj -4t

I'(t) = i + 2 ti + 3+k

F(r(t)) · 'It) = 8t7+ 10t4-12t

SeF . d= S!8t7 Hot"-12ts dt

= +8 +2t-2t)]!

=1 .

We can also rewrite ScF . dr using the previous section :

SeFod= SY (4i+Q5 +RK) · (x'i+ y'j + z'k)dt

=S14 x' + Qu'+ RE'L dt

-S4x'dt+SQy'dt+SRE'dt
- Se4dx + SeQdy + SeRdz
- Se4dx+Ady+Rdz .

Work

One application of line integrals of vector fields is work. Suppose we have a particle moving along a path 1 in the presence

of a force field. The work performed is given by W= Se F . Fds= S? Flit)· l
: Il itIdt=S Flut) · ltdt= Se F . dr

.

example . Find the work done by the force field F(x) = xy ,3y and & is parameterized by it)=<1It"
,
t

,
02t=1

.

W = Se F .dr = S F(F(t))['lt) dt ='It) = < 44t
,
3t

= S484t+ 9t8 dt I(5(t)) = < (11t")(t)
,
3 (t3)

=

44t +
+

* / ! = <11t,3t
=

44 + 1 - 10 +0) F(ct)) · '(t) = 484t + 978

=45

Additional Formulas

arc length
: S

. cfds=Sef ds
vector

: S
.cfdx=-Sefdx

J
-efdy=-Sef dy

S
-cfdz = - Sefdz

S
-ePdx+AdyRdz = -SePdxtAdy+Rdz


