
Standard 17 : Fundamental Theorem of Line Integrals

fundamental Theorem for Line Integrals

Recall from Calculus I the Fundamental Theorem of Calculus ,
Sa F'(x)dx = F(b) - f(a) .

fundamental Theorem for Line Integrals

There is a version of this for certain vector fields
, Suppose that is a smooth curve given by Eit

,
actcb and that f is a function whose

gradient vector ,
If

,
is continuous on Se If · dr= f(r(b))-f(r(a)) where rial is the intial point on C and r(b) is the final point on C

.

FTC

proof. Se Ifodr= Sa first · 'tdt=Sal+ + ) dt = S2[fl3dt f(b) - f(Fal). H

example. Evaluate Sexf · dr where f(x
,y,

z)= cos(x)+sin(Ty) -xyz and C is any path that starts at 11
,

2 ,2) and ends at 12
,

1
,
-11 .

note : the specified path is not given ,
but it is not necessary for this problem only rial and (b) is needed ·

ScJf - dr= fl2
,

1
, -1) - f(1

,
"2

,
2) = cos(2+) + sin-2(1)(-1) - (coS +sin(z) -1(Y2)(2)) = 4 .

Definitions

Suppose that I is a continuous vector field in some domain D .

1

. F is a conservative vector field if there is a function f such that I = If.

2. The function f for a conservative vector field is called a potential function for the vector field .

3
.
SeF.dr is independent of path if Se

,

F . dr=Se
,
Fodr for any two paths C, and 22 in D with the same intial and final points .

4. A path C is called closed if its initial and final points are the same point.

5
.
A path C is simple if it doesn't cross itself.

6
.

A region D is open if it doesn't contain any of its boundary points .

7
.

A region D is connected if we can connect any two points in the region with a path that lies completely in D .

8
. A region is simply-connected if it is connected and it contains no holes

Facts

1
. Scf -dr is independent of path

2. If I is a conservative vector field then SeFodr is independent of path.

3. If F is a continuous vector field on an open connected region D and if SeFodr is independent of path then I is a conservative v. f.

4 . If SeF · dr is independent of path then SeFod = = 0 for every closed path C .

5 . If Se Fdr = 0 for every closed path then Se F . dr is independent of path .

Conservative Vector fields ? Potential functions

fact 2 gives us an easy way to evaluate the line integral SeFodr using a potential function for E .

theorem . Let F = Di+ G5 be a vector field on an open and simply connected region D. Then if P and Q have continuous first order

partial derivatives in D and &Y =2,
,

the vector field I is conservative .

example . Determine if the following vector fields are conservative or not .

(a) F(x
,
y) = (x2-xx)i + (y2-xy)5

P= x2- xx and Q= y-xy
= 4 = -x and Y=-y = F is not conservative .

(b) F(x
,y) = (2xex +xye*(i + (xex4 +24) -

4= 2xe
*

+ xye* and Q = x ex +zy =
= 2xe* + xe* +xye* = 3x2x+ ye and * =3xex+ ye

x = I is conservative.

If I is a conservative function then a potential function exists . The potential function is f s.t . If = : + 2 5 =Pi +Q5 = F
.

This is equivalent to =4 and = Q . Which we can solve by integrating : f(x
,y)

= S4(X
,y)dx or f(x,y) = Sa(x

,y)dy .



examples .
Determine if the following vector fields are conservative and if so

,
find a potential function for the vector field .

(a) = = (2x3y" +x) = + (2x4 y3 +y)J (b) F(x
,y)

= (2xe*Y
+xyex(i + (xex +2y)5

4= 2x3y" + x = ! = 84 = 8x3y it is conservative see example 1 for verification of conservative

a=

2x
"y + y =

08
= 8xy3 & =

zxe* +xye* and y
= xe* +2yOX

f(x
,y) = S4(X,y)dx OR f(x

,y)
= SQ(x

,y)dy f(x
,4) = S2xe* +xye*Y OR f(x,4) = Se** +24 dy

=S(2xy" + x)dx =S(2x"y+y)dy use second one
: f(x,y) = x *ex +y2th(x)

= Ix"y" + Ex + h(y) =x"y" +y + h(x) ⑤ =

zxe* xye* th(x) = 2xe
*

+ xye** = 4

= = 2x4y3 +h(y) = 2x4y +y
= Q 84 = 2xy" + h(x) = 2xy"+ x = 4 hi(x) = 0 => h(x) = C

so ricy) =

Y So hi(x) = X f(x,y) = x 2exy +y + c

h(y)= Sh'(y)dy = Sydy = zy+ c hix) = Sh(x)dx = S xdx = Ex +c

So f(x
,y) = Ex"y"+ x +y+c So f(x

,y)= x "y" +zy + Ex + c

>

verify by If = <2xy" + x
, 2x4y + y)

= f

We have no way to determine if a 3-dimensional vector field is conservative
,
but given a 3D conservative y.f

., we can find a potential function :

-f = xi +j + k = 4i +aj + Rk = F

example . Find a potential function for the vector field I = (2xcos(y)-2z3) i + (3 +2ye
*

-xsincy) i +(y2e= -bxz2)K .

2f
2x = 2xcOS(y) -22 2 =

3+ zyet - xsincy) E= = yez-bxz" use this one

f(x
,y ,

z) = S(y2ez - bxz2)dz = y ez - 2xz3 + g(x ,y) integrate with respect to z

2f
2x

=
-22+gx)x ,y)

= 2xc0S(y) - 2z3 = 4 differentiate wI respect to x's set equal to 4

gx(x ,y) = 2xc0s(y) = g(x,y) = x2cos(y)th(y) integrate partial
f(x

,y ,
z) = x2e7 -zxz3 + xcos(y) +h(y) plug g(X,) into f(x

,y)
2f
2y

= 2 ye -xsinly) + hi(y) = 3 + 2yez-xsincy) = & integrate with respect to y, set equal to Q

nicy) = 3 = h(y) = 34 t c integrate partial

f(x
,y ,

z) = y2ez -zxz3 + xcos(y) +3 y +C plug h(y) into f(x,y ,z)

example . Evaluate SeF · dr where I = (2x34" +x)i+ (2x" +y); and C is given by r(t) = (tcos(it)-1)it sinc ,
Oct = 1

.

from example Ja ,
this vector field is conservative and the potential function is f(x

,y) = =x"y" + Ex + y + c
.

This integral is path independent so we can use Se E . dr=f If . dr= f(rcis)-f(rcol) where Will=<-2,K and 10) = -1
,
02

.

So SeF- dr = f(-z
,
1 - f(-1 ,0) = (2 + x) - (2 +c) = 10


