Standard 19: Gireen's Theorem

Gireen's Theorem

theorem. Let C be a positively oriented, piecewise smooth, simple closed curve and let D be e vegion enclosed by e curve. TF P and
Q have continuous First order parkal devivatives on D ten, S Pdx +Qudy =I5 152 '%qE YdA.
line integrals under such cure conditions ave somelimes written & Pdxt Gdy.

exomple. Use Gween's Theorem fo evaluate §c xydx b x'Ydy where C is the viangle with verkices 10,0),01,0), 1\2) with positive orientation.

Let's sketch e curve C ond the enclosed region D: | So using Green's theorem: squdx ¥y =805 20d-x db
! =, S:‘ 2y3-x  dydx
D=3 | 0¢xel, 06yeaxt * f (Say®-x) e dy
B P=xy and Q=3¢ = 5o 8x5 -2 dy
= $x-3, - 5

Evaluate §e\|3dx -Cdy where € s We posikively oviented circle of radius 2 centered ok the origin.

Regions with Holes
Gireen's theorem will not work on vegions that have holes in them, but many regions do have holes, so we must Find a loophale to fix this.
Le¥'s start the process by Irying it on a space without holes first. Let ©=D.UD. be the union of hwo regions with boundary of D,
being C.UCy and the boundary of D: tRing €, v(-Cs). Then the boundary of D would e C=1C,0CHULILCYIVE, Y=CVC; and the cegion
might look like this:

/—\ . ﬂ Starking with bosic double integral laws: $, (0.-P) dA = §Su.up, L0x-POAA = 55,10 PR + §55,Qx-RYdA

We use Careen's integral on each part:

N .____._) 2§, o, Pax Oy + & o Pixt Gy =, Pix10dy + & Pxt Gy ¥ §e,Pae Oy k. PaxtOdy

Therefore o (Ox-R)dA= § . Pdx+Qdy= S Pdx tQdy.

St

Now, let us consider what s fells us on a washer:
/(\\ Tn its current state, the vegion D has o hole m it so we ore unable o use Gveens Theorem with e curve
Q’o/ C= C.uCq.Bub, if we remove e hole by cuthing the disk in half o make a new pickure ¥nen we get the

following sketch:

/ ) Which has region P. with boundary CvCvCsVCe and region O with Yvoundavy CaVCqV (-CHV(-Cu) and we

s, _te)

& o g con use Cween's Theorem on each of the parts. Going Hwough the same colculation as above, we receive:
S0 =P dAY = 8¢ .ociucsuca PaxtGdy = §Pds +Ody.

Evoluate  § Pdx-x3dy where C ove e hoo circles of vadius 2 and radius 1 centered o} the ovigin with positive orientation.



