
Standard 20 : Surface Integrals

Parametric Surfaces

Recall how we parameterized a curve using values of t in some interval plugged into :

- (t) = X(t)[ + y(t)] + z(t)E which resulted in position vectors for points on the

With surfaces
,

we take values (4
,
v) in some 2D space D and plug them into :

↑ (u
,
v) = X(u

,
v)i+ y(u,v)j + z(u

,
v) which results in position vectors for points on the surface.

This (u,
v) is called the parametric representation of the parametric surface S .

example. Give parametric representation for each of the following surfaces.

(a) The elliptic paraboloid x= 5y2+2z2-10 (b The elliptic paraboloid x=5v2+2z2-10 in front of the yz-plane (c) The Sphere x2+ y2 + z2 = 30

Notice that the equation is already in the simply keep the parameterization from part (a): Using spherical coordinates

form X=f(y,
z) so we can pick y=y , z=z ↑ (y ,

z)= 5y2 + 2z2-10 and add the requirement =o as inspiration take p = so

and x=5y2 +2z2-10 which gives : which becomes 5y2+2z2=10 then x=Psinycoso , z=pcosy,

(y,
z)= (5y2 +2z2- 10)i + yj + zπ . y = psinysinG .

We can use this parametric representation to find the tangent plane to the surface: z = f(x
,y) = f(x

,y) = xi + yj + f(x
,y)E

Given F(u
,
v) = X (u

,
v(i + y(u ,v)j + z(u

,
vi

,
define Fluv =EcucuriluEx = f(y ,z) = F(y ,

z) = f(x
,
z)i + Yi + zE

and =v)i+ ,j + u
,
vi . If we fix v= vo then Full,vol is tangent to the y = f(x

,
z)

= f(x
,
z) = Xi + f(x

,z)j + z

curve Lu
.
vo) provided that Fulu ,Vol +

J

. Similarly if u= 10 then Fr = (o,v) is tangent to the

curve (uo
,
v) provided that Fluo

,
v) *

0

. Therefore
,
both Fallo

,
Vol and Fluo,vol are both tangent to the surface given neither are

8

. This

means that Fux and the vector ruxt will be orthogonal to the surface so it can be the normal vector used for the tangent plane.

example. Find the equation of the tangent plane to the surface given by Flu
,
v) = ni+2v2j +lutvie at the point (2

,2,
3).

First
, compute the point(s) (u,

) that gives (2
,
2

,
3) : Second

, compute, and n =x : Write out tangent plane :

2= u => U = 2 Fu(u
,
v) = 2 +zuk nor-Fol= 0 Or nor=noto

2= 2v = v = = 2 F(u,
v) = 4vj + E n (2

,
- 1) = 165 - j -4

3= 42 + v 3= 4 + v => v = - n = Fux = -guvi -j + 4vE (4(x-2) - (y -2) - 4(z -3) = 0

We can also use the equations to calculate the surface area of the parametric surface :

Provided S is traced out exactly once as (u
,v) ranges over the points in D

,
the surface area of S is given by A=SSp1lrux* /l dA.

example. find the surface area of the portion of the sphere of radius 4 that lies inside the cylinder x+y2 = 12 and above the

Xy-plane .

The parameterization of the sphere is given by F10 , y) = 4 singcost2 +4 Sinusin J + 4cosyE .

Determine D : we are not restricting how far around the z-axis we are rotating so we take 00 :2.

To find the range for y ,
we must find the intersection of the sphere and the cylinder :

* +y + z2 = 16 = 12 +z = 1 = z = 4 = z = 12 but z is above the xy-plane so z = 2 .

Using z=pcosy , z = 2 and p =4
,

we have =4 cosy => y = :
.
Therefore 04 : / is the range.

Now we need to find Foxy : Fol ,y)=-Using singi +4sinycos; and Fu(0 , 4) = 4 cosy cose+4coSysinG - 4 singE .

FoxFy = - 16sinycosO5-16 singCosy SinEK-16sinysinG] - 16 Sing Cosycos =- Isinn cos - 16 sinysinG] - In sing cosy E
.

IlFoxFull= 256 sin"ycos' + 256 sin"y sinO+ 256 sintycos2y' = 256sin"n(cos O + sinE) +256siny cosy = 25lsiny (sinutcosy)
= 16 siny' = 16 (singl= 16 sing .

Compute the surface area : A= SSp16sinudA=Sllsing du do
= S*

[-16cos]do
=SGdO
=It






