Standard 20: Sur face Iﬂ¥e3m|s

Parametvic Surfaces

Recall how we parameterized a curve using values of £ in some interval plugged wio:
TLO= XOT+ NI + 2D which resulted in osition vectors for points on the

Wit surfaces, we take volues ) n some 2D space D and Pug them ino:

Tlund = XWHOTE YT 2udE  which results in position vectors for points on the surface.
This Tud) is called the parametric representakion of the parametric surface S.

Give parametric representation for each of e following surfaces.
(o) The elliptic paraboloid x= 5yt +22% -10 | (o)The eMiphc paraboloid ¥=5v2122°-10 in front of the ye-plane | (c>The sphere x'+y2+2¥=30

We con use this parametric representation Yo find e ’mnge.nl- plane Yo the surface: 2= Fle) = Flxd=xi ty3 e FlxyE

- a ™ -\ 2% -2 - 2t - — - - o
Given Flu)= XuwT + y(u)3 t 2ok ,define  Tutuy= W) T Lu)3+2u L)k x=Fy2) =2 2y Fly2)ty gy b2k
and 2.z lwn0it i %%lu,v\'\?. TF we Bix v=ve then Fuluve) is fangent to the gz Flx,2) = ?ieds xtd Fix2)3 ¢ 2k

curve ¥luNe) provided Hhat FuluNe)# 0. Similarly if uzue then Fu=uod is tangent to the
curve ¥lueN) provided ¥not ilue,9)#0. Therefore, both uluo,ve) and . lue,ve) ave both tangent +o the surface given neifher are 3. This
means that 7,x7.43 and the vector Fux?s will be orthogonal to the surface so i can be the normal vector used for the tangent plane.

Find the equation of the tangent plane to the surface given oy Fluad=ul+ 2333 F Ltk ot the point (2,2,3).

We can also use ihe equations Yo calculate the surface area of the parametric surface:
Provided S is traced out exacy once as (up) vanges over he points in D, the surface area of S is given by A= o Nz T U dA.

Find the surface avea of the por¥ion of the sphere of vadius U that lies inside the cylinder @4+t=12 and above the
%xy-plane.



Surface Integrals

We now shift aur focus o integrating over some surface S in Hee-dimensional space. T am providing a sketch of o
surface that lies above some vegion D in the xy-plane that resembles a vectangle,bout b does not have to be a
rectangle and we con view the surface as being in Front of some vegion Din the yz-plane or he Xe-plane.
% There are two methods used to evaluate the surface integral depending how it is given.
First, given the surface integral where S is given oy 2=gx,y) we have the formula:
fls Prxu) ds= IS5 Blxy, gxan) JB2Y 4 (33) 41 dA,
This is uhlizina the easy parameterization given in the loox above, similar formulas exist for the others.
The second version ukilizes the parameterizabion Flun)=xtun)t ¥ ylun)s 2wk and region D:

// §8¢ Flxy,2)dS = 85 F(#F ) 1l Zx M dA.
5\\: q (R Y

These ave really the same thing since I\ ¥exyll= e (39)4 " when Fluy= x1Ey3+ gk
is the given pavameterieation.

Evaluate 55 Lxy dS where S is the portion of the plane xky+2z=1 that lies in the 1% octant and is in front of
the yz- plane.
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Evaluate §§s2 dS where S is the upper half of a sphere of vadius 2.



Surface I&egmls of VecYor Felds

Just like with live integrals, we want +o do surface integrals of vector fields. Recoll nat orientation was mportant during
line integrals. The same will be drue here.

def. A surface S is closed if it is ¥ne boundary of some solid vegion E.

def. \We soy ot the closed surface S has o positive orientakion if we can chosse a set of unit normal vectors Mat point outward
from the region E while the negative orientation will be the set of unit normal vectors that point in fowards the region E.

Unit Normal Vector

Way 1: Suppose we are given o surface defined by 2=9(x,y). We can write this as Fxy,2)=2-gix,y). Then the surface can be
described by Flxy,2)=0. Recall that V£ is orthogonal fo a surface given by f(x \;,t) o,so we have a normal vector o the
ﬂzb':i)

surface. But this may not be a unit normal vector, thus we take 7=TuvFIl = T rragw -
Tf given \=9lx,2), use F(x,\g.%)-\l-glx,%).’.ﬂ given X=4ly,3), use P(x,q,t)- X-gly,z).

WoyZ: Suppose we are given the parametric representation Flun)= x(uadT + YN+ 2k, We use the fact that the vector

Tux¥ is normal Yo the tongent plave at 0 E vrhcular point. This counts as a normal vector, buk we con not guarantee that it
is_a_unit normol vector so take = Tarven .

With both cases we must make sure the vector points in te corveck divection lrake the negative i nob).

Caiven o vector Field ¥ with unit normal vector & ¥nen the surface integral of ¥ over the surface © is giden oy,
708 =§s7-7dS where dS denctes the standard surface integral. This is commonly colled the Flux of ¥ across S.
Way L gives o more simplified formula® $s¥-d3= i - ds = §Jp (peraseRE). (_(?,a_tl_i-af;‘!‘m {lgtrigptar dA

= ffo (Per @3 ¥RR ) L-ayt -gy + & VdA = {55~ Pax -Qoy +R dA
Way 2 also simplifies Yo another formula: {5 #-d8 - §§ %+ ds = §i, to R et dR = 1o e (Fan i dA

Evaluate §§sF-dS uwheve F=y3-2K and S is e surface given by the paraboloid y=x*t2%, 0¢yel and the disk
xt2*e ] ot y=I. Assume that S has positive orientation.
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