Math 10350 — Example Set 10C

Section 4.4: Second Derivative and Concavity

1. The graph of the derivative f’(x) of f(z) is given below. Find all critical points of f(z) and use the

derivative to determine where the function is increasi
maximum and minimum, if any.
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2. Water is filling up each of the following vessels at a constant rate of 1 cm?/sec.
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Let h be the height of the water level
in the vessel at time ¢.

a. Sketch the graphs of h verses ¢ for Vessels A and B in the axes for Figure 1. Indicate which graph belong

to A and which to B.
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b. Sketch the graph of h verses time t for Vessel C in the axes for Figure 2.
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Figure 2

c. Comment on how the “bending” (up or down) of the graph changes with h’(¢). Mark on the graph where

the “bending” changes.
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Characterization of Concavity

Case 1: For a < z < b, slope of the graph f(z) is increasing as x increases i.e. f’(z) is increasing. So f”(z)
is . fora<x<b. (Portions of u-shape)
y
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Case 2: For a < x < b, slope of the graph f(x) is decreasing as x increases i.e. f'(z) is decreasing. So f”(x)
is . fora <z <b. (Portions of n-shape)
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We say that the graph of f(z) is
y=f(x) for a < x < b.

Definition (Inflection Points or Points of Inflection) We say that (¢, f(c)) is a point of inflection of f(z)
if f'(c) exist (so graph has tangent line at x = ¢), and the graph of f(x) changes concavity at x = c.

Remark: Graph changes concavity at inflection point so to locate points of inflection we need to check the
signum of the second derivative near these places in the domain:

(1) A : (2)

Note that the graph could also change its concavity at vertical asymptotes where neither f(c), f'(¢) and f”(c).
exists
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3. Find all points of inflection and concavity of f(x z/3 711:3 + 3.

While £(0) DNE ¥ is not an inf \echon om’r
Tnflection point = change in concavity.

Second Derivative Test
Let f(z) be a function such that f’(¢) = 0 and the function has a second derivative in an interval containing c.
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at the point (¢, f(c)).

at the point (¢, f(c)).

oIf f(¢) =0 then . Use first derivative test.

9
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4. Find all relative extrema for the function f(x) =
them whenever applicable. What would you do when the second derivative test does not apply at a critical

point?
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3. Find all points of inflection and concavity of f(z) = 1374/ 3 89&3 + 3.
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4. Find all relative extrema for the function f(x) = Zw‘l/ 3 — —23 + 3. Use second derivative test to classify

them whenever applicable. What would you do when the second derivative test does not apply at a critical

point?
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