
Inverse Trigonometric functions
Graphical Representation

In its simplest form ,
the inverse of the function fix) that send x to y is

just the function gly) that sends y to x for all x in the domain. In words,
if you applyf then g to a number X

, g(f(y)) , then you get x back. We

can use this knowledge to graph the inverses of trigonometric functions

y = Sin(x) Y= arcsin(x)
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We ran into an issue... we want to say goes to but
·

we have already said it goes to. It would fail the vertical .
-π/Z

line tes if we sent it to both so we must stop here.

Now let us find domain and range from these graphs :

(i) y = Sin(x) domain : I-0
,
sol range : [-1

,
1)

(ii) y = arcsin(x) domain : -1
,
13can you see range : <-*12

,

"12]

how these relate?

Trigonometric Representation

Now that was great visually ,
but could you tell me derivative of arcsin(x) ?

Probably not from this alone .
So we go back to triangles-math's best friend.

Let us recall geometrically what sine means and then infer its inverse.
We start with a triangle with hypotenuse of length 1

.

sin()= arcsin(y)=1 ↑
Y gives a

⑦ takes an ratio takes a gives an
1 - yz

Pythagorean angle ratio angle

Algebraically : sin(0) = Y

arcsin(sin(0)) = arcsin(y)
O = arcsin(y)



Derivatives Integrals

We can now use this geometric definition to find the derivative of
O =arcsin(y) using implicit differentation and the triangle above.

O = arcsinly) = Carcsin(y)] which is unknown
sin(E) = Y established above

& (sin10)] = (y] derive with respect to variable needed

cost)- = 1

=co

We almost have what we want.There is a pesky coslt) that we need to

replace using the trianglee.

cos(0)= nadjacentse
1

Y
⑦

=
1 -

,
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1 -yz

Thus = cosies = it
·

The rest of the inverse trigonometric functions can be derived similiarly.

xCarcsin(x)] = 11 x Six dx = arcsin(x) + c

Carccos(x)] = ilxn Sixdx = -arcsin(x) + c s we use the integral rule
Sc . f(x)dx = c .Sf(x)dX

a [arctan(x)] = itx Sitx= dx = arctan(x) + c

Examples :

1
.
Find the derivative of y = (1 +2xarctancy)
We do not know how to take the derivative of fix9'so we use log rules.
In (y) = (n[(1+2x)arctan(x)] In both sides

In (y) = arctan(x) · In (1+2x) (n(xa) = a . (n(x)

product rule: figtg'f



Yo =(i+x2)((n(1+2x)) +(i+2x -2) larctan(x)

= y . [W*
+ 1xarctan(x)]

& = (1+2x)arctan(x) .[Intxxarctan(x

2.Find thederivative of arcsin(2x +2) with respect to x while treating y as a constant.
du

Recall *xCarcsin(x)] = 1-x"
,
thus x Carcsin(u)] = 1-u2 dx

Carcsin(2x+y)) = 1 - inx+y22 · (2) y is a constant so ag(2x +1) = 2

3. find thederivative of arcsin(2x +2) with respect to y while treating X as a constant.

Carcsin(2x +y)) =
1- +y" · (2y) xis a constant so (2x+) =24

4. A population y(t) (in units of millions) of bacteria grows according to the rate
= it find the total change in the size of the population over the time duration
0= t =2. definite integral

So ItEat so close to Sitxdx = arctan(x) +c

I.2 1 + izei at YE= 2?E = 12th so we have It as now

u = 2t dn = 2dt lower = 210) = 0 upper = 2)")= 1

Sun
= arctan(u) Id
=Carctan(1)-arctan(o)] arctan(1) =0 arctan(o)=
= E[T/4 -O] 1 = tan(E) 0 = tan(E) =S
= π/g 0 = π/4 0 = sin (0)

0 = 0

5. Use the unit circle or triangles to find :

(a)arcsin(5/2) (b)arcsin) -3/2) c. arccos() d.arctan)-1)
=/3 =- E = /3 =-π/4
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How to build a unit circle :

Previous knowledge :

Sin(0) = O

cos10) = 1

I always think of their graphs :

- -

sin(x) COS(X)

First Quadrant :

Step 1 : count 0-4
radiansO Step2 : divide by 4sin Step 3 : squareo

Step 4 : simplify
cosk)10 Step5 : reverse order
tank) o1 und . Step 6 : divide sink)/cos(X

Draw Circle :

( ( Quadrant 1 :

- ( Use chart above
I know this

(2) (2) (cos(0)
,
sin(0)( as Sin (0)=G

so it must
be the y

Quadrant 2 :

·
(1,
0 Flip over y-axis

(x
, y) + ( - X

,Y)

(- - 1) (E-E) Quadrant3 :

like folding-= (E) Flip over X-axis paper

1-2) I ( - X
,y) - (-x

,
-y)

Quadrant 4 :

Flip over y-axis
(- X

,

-y) + (x , - y)



Exit Ticket Natural Log

Fill in the following rules:

ln(a) + ln(b) =1. ln(a)→ ln(b) =2.

ln(xa) =3. ln
(
axb

)
=4.

d
dx [ln(ax+ b)] =5.

ˆ
a

ax+ b
dx =6.

Use the above rules to solve the following equations for x:ˆ
1

2x+ 5
dx1.

ˆ
1

x+ 12
dx2.

d

dx

[
ln

(
1→ x

1 + x

)]
3.

d

dx

[
ln

(
2x2 → 3

3x3 → 6

)]
4.

ˆ
2x

4x2 + 12
dx5.

ˆ
5x+ 7

5x2 + 14x+ 6
dx6.

Produced by Audriana Houtz, Mathematics Ph.D. student at the University of Notre Dame.

Inlab In(5)

a. In (x) In(a) + b(n(x)

ax+b
- a Inlax+bl +C

u = 2x+5

= E(n(2x +5) + c = (n(x + 12) + C

= [In)1-x) - (n(1 +x)] =x((n(2x2-3) + (n(3x3-4)]
9x2

= ix - itx =z3
+
3x=6

u= 4x+ 12 u=5x+ 14x +6

du = 8xdx du =10x + 14)dx

[du = 2xdx du = 2(5x +7)dx

=S # du Edu = (5x +7)dx

= In(u) + C
=S .du

= ((n(4x*+ (2) + C = In(u) + C

= H(n(4x2 +12) +C = z(n(5x2 + 14x + b) + c

= ((n(5x2+ 14x +6) + c


