
WeckO2: January26th, 2023

Review: Logarithmic functions

Logarithmic Properties Exponential Rules Derivatives

Product:In(ab) =In(a)+ (n(b) Product:a".am =antm Exponential:a(bx) =bX. (n(b)
am

Quotient:In (g) =(n (a) - (n(b) Quotient:an =an-m ·(eX) =eX. (n(e) =ex
I

Power:In(a") =n.(n(a) Power:an.b =(ab)" Logarithmic: a(logb (x))=x(n(b>
Logof 1:In (1)

=0 an =(8)4 dq((n(x)) =xin(e) ==
Inofe:In(e)=1

others:Inlex) =X.(n(e) =x Change ofBase Anti-derivative
In Xeln(x) =x 109b X =Inb Exponential:(bdx =in(b).b +c

Sedx =inie). ex+c=

a
++c

Logarithmic:Sxin(b) dx =logb(x) +c
I dx =(n(x) +c

Inverse Trigonometric functions
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arcsin (0) =0 arccos(0) =π/2

arcsin (1)=π/2 arccos(1)=0

arcsin(-1)= -π/2 arcCoS(-1) =π
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Derivatives Anti-Derivative
d

Inverse Trig.: dxLarosincyl
H
";

InverseTrig.:S..kdx =arcsin(x)
- 1&(arccos(x)) =1 - xi S, +x2 dx =arctan(x(
1a (arctan(x))= 1 +x2

More Examples:
1. Using the log function, find the derivative ofy lzx)arctancx

of((1 +2x(arctan(x)) =aq(ein(1+2x)arctan(x)))=dx(e
of CarctancesIncizx) =earctan(x)Insiux(ity· (n(1+2x) +arctan(x).,F2x)

=eln)1+2x)arctanix(ity· (n(1+2x) +arctan(x).,72x) =(1+2x(arctan(x). (ity) · (n(1+2x) +arctan(x).,F2x)

2 findthederivativeofarcsinxwithrespecttox treatingasaconstanttoa numbers ofx=x,y=0

3dfindthederivativeofarcsinlxtsee with respect
to treating xas a costone

thismayseem werid atfirstbutitis the same as I with the variables exchanged



Methods of substitution

ImportantIntegral formulas
ax+b

(x"dx =n+1 (n++cif nF - 1 Seax+bdx =ea +C

(<dx =Sxdx =(n(x) +c Svi-xi'dx =arcsin(x) +c
In (ax+b)Saxbdx =a +c Sitxdx =arctan (x) +c

Examples.
1. Ifthe slope ateach pointofthe graph off(x) is given byit find a formula for f(x) ifits graph passes through (2,0).

f(x) =S(,dX f(x) =1 +2 =(n(4 +x1 +c +Earctan (x(z) +G
=Su,X- dx +Su +x- dx =(n (4+x2 +E arctan (*(z) +c =2+c

1 2

(Sy,y2 dx 2Sn+xdx O =f(z) =(n(4 +(2)3) +Earctan(<(z) +c
u=2) +x2

du=2xdX
=If 1 +Exudx 0 =(n181 +E.F +c Initial Value Problem

Stdu =iSi +(X(z)-dx c =-(n(8)- ·

y
=(y'(x)dx

u =x/2
=(n(u) +c, du==dX =2du =dx · solve for a using
=(n/4+x3) +c,

=Si +u). 2du f(x) =(n(4 +x") +Earctan(*(2) - In (8)- initial value

= Earctan (u) + Cz

=Earctan(*(z) +cz

2. Set upbutdo notsolve the integral unsubstitution.
21 +x

(a) S, 1x*3x4dx (b)S(y-axidx (c) 1-axidx (d)S,vEdt (esS,1+dt
u=1 +xz+x41 n=1+22t

du=(2x +4x3)dx =Edu=(x+2x3)dx =Si 4-axcdx =Si-y),dx +5 1axidx du=e24.2dt =5. +e)dt
1/2 => Edu=22+dt u=et

=St.Edu =S((1/4).(4-9X3)'dX =49(1- (3x(2dx +Su-xdx du=e
+dt

v =1-9x2

=ES 1- a,ux"dx
u=3X

dretoxaxsodrexdxSt.Edne =Situn du
=iS - (sx,z)"dx du-sax-Edienn. - To dr
n=2X
du=3/2dx => 2/3du= dx

=2S..ni · 5 du

Exponential Growth and Decay
Manyquantities (e.g.population) in the world can be modeled bythe exponential growth/decay equation:

P(t) =prRinitialvale.One change
If K is positive then we have an exponential growth function with growth constantK.

If R is negative then we have an exponential decay function with decayconstantK.

po is the initial size since P10)=40e0 =40.1 =Po

doubling time.If K is positive then the doubling time is given byTs.t. PCT) =2p0.
halflife.If K is negative then the halflife is givenbys.t.4(T)

=po.

isotype. An isotope is a version of an elementwith the same number ofprotons buta differentnumber nuetrons

leading to a differentatomic mass.

radioactive isotype. Aradioactive isotope is an unstable nucleus that decomposes spontaneously.

double-time:2p0=P(T)
=poerT half-life: Epo=P(T):poe'T

z=e
-T z =er

+

(n(2) =rT (n(z") =rT
In(I) -

((2)
T= r T =w



example.The population PI), attime hours, ofa bacteria is given byPLLsentin thousands.

(a) Whatis the initial population of the bacterial

(b) Give a formula for the growth rate of the population ofthe bacteria.

1) Whatdid you observe aboutthe growth rate.

(d) Explain whatis meantbythedoubling time for the population. Find this time.

(a) initial means t =0, P(0) =5e7(0) =5e0 =5.1=5

(b) growth rate means derivative, P'Ct) =Set. 1 =100t

1) Notice thatPISt) =P(t).2

(d) The doubling time of a quantitygrowing exponentiallyis the time needed for the population to double its initial amount, i.e. glTzqo
IfP(t)=setthen 40=5 so when does PIT) =2.40 =10 for half-time use q(T)==90
10 =P(T) =5e2T

z=e2
+

In(z) =(n(e2i)

(n(2) =2T
(n(2)

T= 2

example. Recentexpirements on viabilityofthe coronavirus indicates thatitreduces exponentiallyon various surfaces. The

halflife ofthe coronavirus on glass is estimated to be about14 hours.

(a) Starting with 100%initiallyfind a formula in the form Aertfor the percentage ofthe virus on glass after thours.

(b) If we consider the virus no longer infectious (or viable) after itis reduced to 1%or less, estimate how long will

the virus remain infectious on glass.

(a) q(t)
=Aert

(b)Wewanttofind
Ts.te

A =100

n =1 e.
T

=1/100

In(e
iT) =(n('/100)

halflife =

- 1nz -T =(n (100") = - (n(100)

12 =
-
1n2

T =
- (n(100).r

- 12 In (100)
r= 12 T =14 ·

in2
=93 hours

- (n2t
q(t)=100 e

"

example. Acypress beam found in the tomb ofsuffern in Egypt contained 55%ofthe amountofcarbon-14

found in living cypress wood. Estimate the age ofthe tomb given thatCarbon-14has a half-life of5730 years.

We are given everything q(t) =goert,90 =100 %
, v

=1, q(T) =55 q(7) =100e
- (1n2/6730)T

=55

needed to set upthe - ((n2/5730)T
= 02

-12

equation q(t) =poetthen V =5730 (n(e
- (1n2/5730)T

=(n(55/100)
we need to solve for - ((n2/5730)T =(n("/20)

- Inz

S.t.q(T) =55 q(t) =100e
- 12/5730)t

5730 T=(n (11) - in (20)
In (11) - (n(20)S

T =-5730· In2

T =4,942.1


