
Week03:February272023

Section b.1:Area Between Curve

Assuming thatf(xkg(x) for a<x<b, find the area between the curves y=f(x) and y= g(x).
①Breaking down the picture

f(x)

-;a ]**-***
Area between the Area between the Area between the

graph off(x) and graph ofgix) and graph offix) and the

the x-axis is given the X-axis is given graph ofg(x) is given
byj f(x)dx bySg(x) dx bySaf(x)dX - SBg(x)dx

example. Find the area enclosed bythe graphs ofy=x-xand y
=3x.

- x 1
=3x

Area between the curves:Sf(x) -g(x))dx S((X)-x) - (3x)dx +Si(3x) - (x)- x)dX
3.
x =((x--4xdx +Si -x3+4xdX

-2 y
=x wheref(x) is the "top"function and5 g(x) is the "bottom"function. =ix"- 2x-]y +- tx"+2x3]

But!Here they switch "top"and "bottom" =(F (0)"-2(0)3 - (i (-2)"-21-2()] +[(z)"+2(2)"-E10)"+210)2)]

so we mustsplit our integral where they =

0 -0 - 4 +8 - 4 +

V swappositions x =0. =

Section 3.2:Volume of a solid with Uniform Cross-section

You can use the definite integral to find the volume of a solid with specific cross sections on an intervals provided

you know a formula for the region determined byeach cross section. Ifthe cross sections generated are

perpendicular to the x-axis, then their areas will be functions of X, denoted byA(x). The volume (v) ofthe solid on
the interval (a,b] is v=SGA(x)dx. Similarly, ifthe cross sections are perpendicular to the y-axis, then their areas
will be functions ofis denoted byA(y). In this case, the volume (v) ofthe solid lab is VFSG A(dy

example. Find the volume ofthe solid shown below byintegrating the area ofvertical cross-section perpendicular
to the x-axis.

Area ofcross section (A) =b(x).h(x) V =( A(X)dx
214 -3 4

2

=S3(3-x)"dX
: b=b(X0)

- BysimilarD's:5 =Bxo =S3 (9 - 4x +y3)dX
D

n(x0) b(x0=5(3- X0) => *(9x - 3x3 +5x3].
= (913) -3(3)"+5(3)3 - 10 -0 +0]-

I >
Y o

B
2 o

1 13 h(X0)
=

3- X0
= (27 - 27 +9]↑

3-X0
Similarly, :4 3

-3
b(X0) bottom leftwall

h(x0)
=(3 -X0) = 29]

I
=4

b(x).h(x)
=

(3-x).5(3-x)
Area (1) = 2 2

=8/9(3-x)2
2

1
=q(3- x)2



example. Consider a solid whose base is the region bounded bythe lines y =xp, y=8, and the y-axis. find the

volume ofthe solid in each ofthe following cases:
a.The cross sections perpendicular to the y-axis are squares.
b. The cross sections perpendicular to the y-axis are rectangles ofheight
C. The cross sections perpendicular to the y-axis are semicircles.

a.The cross sections perpendicular to the y-axis are squares.

M M

1 8 - >

2 A(Y) =Area ofcross-section at v=08,2/3dy
2 =Area ofsquare with side By

=[2 + 1y2/3
+

170
2

2
=(By)?

=[s,3y313]

y - - --Y-.(X,x3) =(2y,y)
=(2π)" =[5 +313]

1
=(2/3 = 3((8)33 - (6)3(3)

1
B-1

=3(g",3)5
!

Y- By:Base of cross-section
=5(2)5

! 34 when cutting aty
=3(32)

1 -

X !! >

=al

1

b. The cross sections perpendicular to the y-axis are rectangles ofheight

↑ A(y) =Area ofcross-section at go y51n dy
1

2
=Area ofrectangle with base and height +

=

5(2+1 yble
+1]

= 3M =iz y"14]
=y(3X1/2 = ( y"1470

*
=(3/4 =(g"13- j"(*)

= (8)"'3
Y-

34

C. The cross sections perpendicular to the y-axis are semicircles.

Area (y):Area ofcross-section at V=(,- πy-,3dy
=Area ofsemicircle ofdiameter Bx =6π(2,3 +1y2(3

+1)]
=Area of semicircle ofdiameter =8π(53y313)]

A(Y) =E(π(((") =6 +(3y3(3)]
-

By
=6π y-/3 =(0π(0313- j33)

=40π(8)"

Section6.2: Density

Every continuous radom variable, X,has a probabilitydensityfunction, p(x). Probabilitydensityfunctions satisfy:
(i) p(X)=0 for all

(ii) p(x)dx =1

Probabilitydensityfunctions can be used to determine the probabilitythata continuous random variable lies between

two values, saya and b. This probabilityis denoted byPlazXb) and is given by, P(a=x=b)
=(p(x) dx.



example, find the total mass ofa meter rod whose linear densityis given byocx=(ie glm for 02XES

mass
=(0 0(x)dX =5cite*( dx

u=Hexdu =ex dx

=siestdu
= Sites adu
= - y

-yes
= -[(1 +eS(

=- (2)"]
- 1 1

=

1+es t 2

example. Avarietyofdeepsea worm is distributed abouta hydrothermal ventaccording to the population density
800

priatrthousand per square miles where lrs is the distance (in miles) from the tent, find the total population
of the sea worm.

Total worms on the circle ofradius r =ocr) perimeter ofthe circle:p.(r) circumference of circle of radius r.

Total population=JP(worms in circle ofradius v) dr
=S,3p(r).2r dr
=S2Hr (000) dr
u =9+rdu=2vdr

=(10800() du
=800+ Inlul du

=800 π(In(18) - In1101)

=800 π. In

b.2:Average ofa function

The average ofa continuous functionf(x) overtheinterval (a,b] is given by farg
=

b(% f(x)dx.

example. find the average amountofmoneyover the first10 years in an accountearing interestatan annual
rate of4%compounded continuously ifthe principle is $5000. Draw a graph of the balance in the account

and mark the value thatrepresents the average amountofmoneyfind the time ittakes the accountto

reach this average.

Step1:Setupaverage Step3:Solve average

farg=b-aS A(t) dt
Steps:Draw a

grapi 7
farg=to 500000.0"- dt

A(t)=poert ! =500S.20.04dt
=5000(20.04

-1
po

=5000 ·0.04].
v =0.04 =12500(90.045760

farg:to $5000 00.04dt ! =12500(80.04.10.20.04.0)
=

12500 (90."- 1)

Step 4:Solve for T such thatACT) =farg
5000 90.04T =12500(80.4 - 1)
0.041 T

=2.5(80.04 - 1)2

(n(20.04Tc =(n(2.5(20.0"-1)
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