
Volumes of Revolution

Volumes of Revolution

In this section we will start looking at the volume of a solid of revolution.To d

get a solid of revolution we start out with a function
, y= f(x) on an interval

(a,b].
We then rotate this curve about a given axis to get the surface

of the surface of the solid of revolution. For purposes of this discussion

let's rotate the curve about the X-axis
, although it could be any vertical

or horizontal axis. Doing this for the below gives the following three
dimensional region.
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The volume formulas are V = SA(x)dx and V= SCA(y)dy where A(x)

and A(y) are the cross-sectional area functions of the solid. There are

many ways to get the cross-sectional area . One of the easier methods for

finding the cross-sectional area is to cut the object perpendicular to the
axis of rotation. Doing this the cross-section will be either a solid disk if

the object is solid las the example above) or a washer if the solid has a

hollowed out interior.

Disk Method

In the case that we get a solid disk the area is,

A = it (radius)
?

where the radius will depend upon the function and the axis of rotation .
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f(x) 1-slice :
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Ai = 2πr

A
= 2πf(xi)
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whole solid :

-- V= EAiBX&

= Sa Aidx



Washer Method

In the case that we get we get a washer the area is,

A = i) (outer radius)"- (inner radius)(

where both of the radii will depend on the functions given and the axis of

rotation. Note that these are the same concept as the solid disk just has
inner radius 0.

f(x) Ribig radius
- 1-slice :

r = little radius

Ai= 2πR-2πr
-

= 2π[f(x)]"- 2π(g(x)]2Yo Yo
-

= 2π([f(x)]2- (g(x)]2)

- whole solid :

v =&Aidx
Axis of Rotation =Sa Aidx

The radius is highly dependent on the axis of rotation. Instead of

rotating about the X-axis (y=0) , we can rotate about a line y = c and

utilize the volume formula V= Sa i (f(x)-c]2 for disk method.
Y = C

c-f(x) = radius
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Shell Method

Sometimes we come across a solid that has the same inner and outer
radius or they swap spots. In these cases we use a new method called
shell method. Insted of adding up disks (or washers) to make a solid

,
it

adds up cylinders. The volume formula is V = SZirhdx

slice like a bagel use a circular cookie cutter
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Examples :

1

. Find the volume of the solid formed by rotating the region between the
curve y= 4-x2 and X-axis for -2 = X = 2 about (a) the X-axis , (b) the line y=1

,

and (c) the line X = 3 .

(a) the X-axis

·
(x0 , f(xo)

-

L
rg

V= S2π(16-8xz +x4)dx

=S- 16-8x2 + x"dx

g
= π[16x -Ex+ 55x5]r

G ↓
A(x)=radius)

?
= i [16(2) -j(z)3+ S(z)s- (14)-2)- (-2(3+-1-2))]

↓ G
= π(f(x))2 = π(64 -12

= π(4-x2)2 = (960401
= π(14 -8x+ xY) =

(b) the line y= -1
rg

L X-axis

dXo
,
f(xd)

-

VIST-Xddx
Y ro = f(x) - 1 - 1) = +S2(25-2x2 +xY)dx

= f(x)+ 1 = +(25x-X3 +ExS]2z
= π[25(2) - 31233 +55(2)3- (25(-2) -31 -233 +51-2))]

↑ G y=

A(x) = iradius) = (100-3(x0,
- 1)

= π((4 - xz)- 1-1))2 == π(5 - xi)2

(c) the line X = 3

V= S222+(3- x)(4 - xz)dx

· (X0
,f(X0) Xso

3-X = 2π(-2(12-3x2-4x +x3)dx
=2π(12x- X3- 2x2+ +x"]2z

↳
Hy

= Int [12(2) - (213-2(2)+ &(2)"- (12(-2) - 1-233-2(-2)+ (2)")]
To

Ao = Zit roh =2π(48 - 16 -167
Yo

= 2 i+ (3-Xo) · f(Xo) = 2π[16]
= 2π(3 -Xo)(4- x=) = 32π

....



2. find the volume of the solid obtained by rotating the region bounded by the
given curves about the specified line.

(a) Y = X+2
, X = - 1

, X = 0
, y = 0 ; about the line y = 2 .

(b) y = - X* +2x
, y = X ; about the y-axis

(a)
n

method 1

i V= volume of rotating y=0-volume of rotating y= x+2
= Si ++ (0 -2)2dx - S=+)x+2 -2) dy! I

method 2

I V = Sa (outer-inner)"dx
X= - 1 X=0

= Si +(22-(2-2) (dx
outer radius is2 ↑ similarly we have

- because y= 0 is little r has distance

Y= 2 G distance 2 from y=2 2-the function

#
x-axis

(b) V =Siπ(r2- r3)dx
Y=X

= Sortk-x +2x)"- (x))dx
1-

= Si(x" -4x3 +4x2 - x2)dx
R

y= - x2 +2x
= Six" - 4x3 +3x

= dx
↑

↓ Gh = [5x - x" + x3]
= (5 - 1 +1)

L

= 5π



Exit Ticket Volume of Solids with Uniform Cross-sections

Volume of Solids with Uniform Cross-sections Consider a solid whose base is the

region bounded by given function(s) with uniform cross-sections perpendicular to the x-axis.

The volume of the solid is given by:

V =

ˆ b

a
[A(x)] dx

where A(x) is the area of the cross-section

Set up but do NOT solve the integral that finds the volume of the solid whose base is bounded by

y = x2
+ 2, y = sin(x), x = →1, x = 2 and has uniform cross-sections perpendicular to the x-axis

in the shape of:

squares1. triangles of height x22.

semicircles3. rectangles of height
↑
x4.

Produced by Audriana Houtz, Mathematics Ph.D. student at the University of Notre Dame.
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. !It V = S. (*+2-sinidx + !
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X = - 1
X = - 1 x = 2

x = 2 V = S.? x"+ x2- Exsin(x)dx
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A(x) = zπr

? " I A(x)= (base) (height
-

!- = zπ(zd)2 !- = (x+2 -Sin(x))())
. ! . !

X = - 1 x = 2
= d

X = - 1 x = 2
v = S. x* +2- Msin(x)dx↓ ↓

= (x*+2 -sin(x)

V = S. π(x+ 2 -Sin(x))dx


