Trtegrotion by Vorts
Integration Techniques

Le¥'s start with some integrals we already ¥now how o solve:
First, we see an integral that we know e formula for,
e*dx - & rc.

Next, we %onsiole.v something more complicated with a u ond a ',

J xeXdx
uz xt

duz2xdx =5 Fdu=xdx
23 Je” du

These are problems we expect you o recognize and be able Yo solve with
ve\ahve ease and speed.

Now we look af a new hype of integyal, § xe®* dx.

It tis contained anly the x or only the e then we could solve the integyal.
It the integrand wos xe’™ then we also could sole it using u-subshitution.
However, neither is the case and we do not have the knowledge +o solve His.

We introduced a new process called integration by parts. This method is
the undoing of the product rule.

product rule (ta)'= F'g t g'f

tegrate both sides: S(faydx = 9 dx + §o'f dx
solve, fav Sg‘l:dx% \ 'Fdxzsq:g\'dx -SP'gdx
simplify* S?-g‘ dx = F.o - {#g dx
substitution: Sudvz wv- $vdu

The challen in% part of this method is deciding what should e u and what
should be dv. T¥ is not always clear and sometime we will make the wrong choice
and ove Yo stark over. We kvow we have made the right choice when we con

£ill out the formula and {vdu is sometning we con integrate.

Product Rule for Integrals: Sudv = yuv - Svdu



Exampﬁ

1. Evaluate e integyal § xe¥ dx.
A xe* dy
us X dv=e¥*dx

nofice that picking lu=x means the x drops out
dusdx vz §e¥%dx = G e

and e | resulting integral is something we com do.
picking lu=e” yould st vesult in the |ntegral

= - Be - § 5e* dx geHling wovse when we aim for it Yo go lawey

uz LY

duz bdx => Hdu= dx

(1}
el-cl-ci-

xe* -5 e b du
xe” - 31, e¥ xc

=G xe- 30 e rc

2. Evalugte the Follow integrals using integration by paris.
) § 5 Inb) dx

uz nlx) dvs x3dx

dus ds w:si.x" ZIntegration Techniqu&s:

= by x7- ﬁx"-"idx 1. Ts it a rule T Know?

5 ;.'1 X" n x)- % § ol eq §sintadx ,y_\‘l-_x_tdx, § ™ dx, e¥c.
=gy Inbo- dlh x") ¥
2. Ts there a Flmcﬁonzé i¥s derivative?

o) § arctanx dx eq. Sx-sintydx, Siw dx, 3 xe"‘olx,e+c.

usovctanto) dv=2dx “ Heve is alwoys L u-substitution JEigun-auadc=J i du

duz xdx  vzx a 1 hidden

= xavehanto- $ x T dx 3. Ts ita product that seems unrelated?
u= irx? §x-sinbordyx ,S e Inldx, § arcsinix)-1dx, efc.
du=xdy

: = integration by parts
=xavcrant)- ZIn Likxt)te

(0> Sxcosaxtnyax  —— feels like u-sub but ot exacHy du

usx | dwecosti®) | cnoosing U= Cos(2x+2) would not "R
duzldx  vesinl3xr) the product
2x-3 anl2xt2)d 3 sinlaxi)-1dx

u=3x¥2 if uzsink) dv Ex

duz 3d% du=cosbordx = %%
=3xsinlaxt)-55c0s (3x e e =|sinb) 5= 5 35 costxdx

wove complex



Another integration fechnique that (avely) avises from integration by parts’

(0N § 2 cos o) dix
uz x? dv= cosxddx
duz2xdx V= sintx)
= X sin(x) - S sinlx)- 2x dx

usl% dv= sinix) dx
du=2dx V= -cosix)

2 x%.sinlx) - [ X: -Cosix) - s-::,osm-zdx]
: xtsintk) ¥ Xcosx) )\ costx) dx
= % sin OO Y xeosy) - 2snx) ¢

(b) § eXcos 0 dx
U= COSLX) dvz=exdx
duz-sint)dy Nz eXdx
* costxye” - S e* - -sintx) dx
u=-sintxydx dv= e¥*dlx
duz -costxddx v=eX
=efcostx) - [-sintx)-e“ - Jex. -castx)dx ]
= efcostx) ¥ - sinlx) - \ e’.cosix)dx

2 S e"c,oscx\ dx = eX.cosx) ¥ eX.sintx)
§e*cost0dx = 7 (e costx) + e*sintx) )



Exit Ticket Work and Energy

Work and Energy Suppose that the force at any given x is given by F'(x), then the work

done by the force in moving the object from z = a to x = b is given by

b
W:/F:de

Set up but do NOT solve the following integral:

1. A uniform chain 10 m long weighing 30 kg lying completely at the foot of a building 50 m
tall.

(a) What is the work done against gravity to move one end to the top of the building with
the rest of the chain danging free?

W, = force- displace ment
BOm " = densily: length - gronity -displacement
" = (32 {8)-(10)- (50-Y)
W=§ 30150-y1dy

(b) What is the work done to move one end only 30 m off the ground?

Nq = o\emm length - groniy - displacement
{ 2 T ) (8N)- (10)- (20-Y)
W= S 30(20-y)dy

(c) What is the work done to move the top end of the chain 5 meters off the ground with
the rest of the chain still on the ground?

W= density: length- gravity -displacement
= (3) ev)- (10)- (5-9)
—_— \N"S, 30(5-y)dy
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