
Integration by Parts

Integration Techniques

Let's start with some integrals we already know how to solve:

First
, we see an integral that we know the formula for,
Sexdx = ex +c .

Next
,

we consider something more complicated with a u and a u'
,

Sxe*dx = Sue "dx
u= X2

du= 2xdx =>du = xdx

= Se" du
= ze" + C

= ze* +

These are problems we expect you to recognize and be able to solve with
relative ease and speed.

Now we look at a new type of integral , Sxe
&
dx .

If this contained only the x or only the e" then we could solve the integral .
If the integrand was xe"* then we also could solve it using u-substitution.
However

,
neither is the case and we do not have the knowledge to solve this.

We introduced a new process called integration by parts. This method is
the undoing of the product rule .

product rule : (fg) = f'g + gf I write this formula

integrate both sides : SIfg)'dx = Sf'g dx + Sg'f dx Su . du = uv-Sudu
solve for Sgfdx : Sgtdx = Sifgl'dx-Sfig dx where u= f(x)

,
v = g(x),

simplify : St . g'dx = fig-Sf'gdx du = f'(x)dx
, dv = g'(x)dx

substitution : Sudv= nv-Sudu and use the mnemonic device

"ultraviolet voodoo"
The challenging part of this method is deciding what should be u and what
should be dv. It is not always clear and sometime we will make the wrong choice

and have to start over.
We know we have made the right choice when we can

fill out the formula and Sudu is something we can integrate.
I use the acronym LIATE (log ,

inverse trig , algebra, trig , exponential) to pick u.

Product Rule for Integrals : Sudv = uv-Sudu



Examples :

1
. Evaluate the integral Sxe""dx .

Sxe**
dx

u= Xdv= ebXdx notice that picking u= X means the X drops out
du= dx v = Jedx =Ge and the resulting integral is something we can do.

picking u=e" would just result in the integral
= X .Te* -Ste" . dx getting worse when we aim for it to go away

u= 6X

du= ndx = tdu= dx

= xe
**

- Se" . In du
= xe"" - ine" +C

= xe"* - ze*

+C

2. Evaluate the follow integrals using integration by parts.
(a) Sx3 In (x) dx

u= (n(x)dv= x3dX

du
. * ax

Integration Techniques :

1
. Is it a rule I know?

= #X* (n(x) - [Sxdx e.g. Ssinixdx ,
Six dx

,
Sedx

,
etc.

= ix" (n(x) - π(xY ) +c

2 . Is there a functions its derivative?
(b) Sarctan(x) dx eg.

Sx .sin(x)dx
,
Sixdx

,
Sxe*dx

,
etc.

u= arctan(x) dv= 1dx > there is always -substitution Sfigi)) .gix)dx = (fluldu
du = 1 +x 2dx v = X a 1 hidden
= xarctan(x) - Sx.x2 dy 3. Is it a product that seems unrelated? Wi

u= 1+x2 Sx .sin(x)dx
,
Sex. In (x)dx

,
Sarcsin(x) . 1dx

,
etc.

du = 2xdx - integration by parts
=xarctan(x)- (In (1+xz)+c

(c) Sxcos13x +2)dx · feels like u-sub but not exactly du
u= X dv= cos(3x+2) ↳ choosing u= cos(3x+2) would not "fix"

du=1dx v = Esin(3x+2) the product
= X. sin(3x+2)-sin13x+2).1dx al

u= 3x+2 if u= sin(x) dv = X

du= 3dx du= cos(x)dx V = Ex
=Exsin(3x+z)-5t5cos(3x+2)+c the = sini).-cos,



Another integration technique thatrarely) arises from integration by parts :

(a) Sxcos(X)dx
u= Xz du= cos(x)dX

du= 2xdx v= sin(x)

= xsin(x) - Ssin(x) .2xdx
,

'simpler but still
integration by parts

u = 2X du= sin(x)dX

du= 2dx v= - COS(X)

careful ofnegative
=

X?sin(x) -

"
(x . -cos(x) - S-cos(x) .2dx]

= X?sin(x) + Xcos(X) -2Scos(X)dx
= X? Sin (x) + Xcos(x) - 2 sin(x) +C

(b) Sexcos(x)dx
u= cos(X) dr= eXdX

du= -sinix)dx v = edx

= cos(x).e"- Sex . -sin(x)dx

u = - Sin(x)dx du= exdx

du= -cos(x)dX v = eX

= ecos(x) - [-sin(x) .ex- Sex . -cos(x)dx]
= excos(x) + e. sin(x) - Se"cos(X)dX

,

this is the original integral
we can add it back to the

other side to get 2. integral
2Secos(x)dx = ex . cos(X) + e. sin(x)
Sexcos(x)dx = &(eY. cos(x) +esin(x)



Exit Ticket Work and Energy

Work and Energy Suppose that the force at any given x is given by F (x), then the work

done by the force in moving the object from x = a to x = b is given by

W =

ˆ b

a
F (x)dx.

Set up but do NOT solve the following integral:

1. A uniform chain 10 m long weighing 30 kg lying completely at the foot of a building 50 m

tall.

(a) What is the work done against gravity to move one end to the top of the building with

the rest of the chain danging free?

(b) What is the work done to move one end only 30 m o! the ground?

(c) What is the work done to move the top end of the chain 5 meters o! the ground with

the rest of the chain still on the ground?

Produced by Audriana Houtz, Mathematics Ph.D. student at the University of Notre Dame.

bottom of chain does not move 50m only 40

E
com Wy = force displacement

= density. lengthgravitydisplacement
som Guom = (98) .(DY) . (10) : 150 -y)

W= S.30150 -y) dy

top only moves 30m off and the bottom moves 20m

Wy = density-length-gravitydisplacement

son[zomE 10m = (98) .(DY) . (10) : (20 -y)

W= S.30120 -y) dy

the bottom of the chain doesn't move =adds no work

Wy = density-length-gravitydisplacement

Im~


