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Trigonometvic Tntegrals

Let us stary with an in\'egral that we know how +o do,
costx)-Sin®(x) dx
U= sintx)
duz= costx) dx
-§ udu
ST
=‘uu e

=i (sinu))’ +e

This intearal is easy to do with a subskitulion because the presence of the cosine
Let us consider it without,

Ss’ms(X\ dx

Notice that we are unable Yo do the u-subshtution without e cosine, so we may
try Yo reintroduce it uswg dentities,

§ sinf (x) dlx

= § 6in00)- sin 0O dx
= SS (It - sint)dlx ubilize svf0d ¥ cos™x) = |

z5 | sint0) = 1- cost (X)
= ) (\- costtx) Y sintx) dx

Now that we have both sine ond cosine, we con reintroduce e u-subskition
§ (1 costar sintx) dx
Uz cosCx)
dus -gintx) dx
=3 0=t du
”S\-Zu’l-u}" du
=-[u-3tesul ve |
= - costx) 3 (costaY - leosl¥ +¢

Notice that this rewriting and substitution worked because the exponent was odd,

one sine stoys and the vest get changed. Tt is often good practice Yo sepavote the
odd function so that we Wove one sine (orcosine) and the rest cosine (ov sine).

Recop: § im0y cos™x) dlx

if nis odd: remove 1 sine, subshitute the vest to cosine using sirft0=-cositn, use
substitubion u=costx)

it wm is odd* remove 1 cosine, subskitute e vest Yo sine using  costtn= I sintix), use
suoshdulion  u=sinix)

¥ v ond m are odd: choose e  one with e smallest exponent ond follows that path



Example:

1. § sinv ) cos?ixy dx
= {sin00)- cost (%) cos ) dx
= § sinluorli- sintu))-cos ) dlx
U= sinix)
o\u: cos(x) dx
= Juvti-ut)- du
Su ua du
: 1 ut -q u! ke
= 7 (sintx)’ -4 (smm\q tc

Now we ask ourselves, what if m ond n are even?

2. Ssitx):costix dx
=t ' . 1 -cos (20
= s[ilh cos(@))] - C%-(1+cos(2x)y] dx nalf-angle  sin‘'®= Tz
= %) 1- coslzx) dx el by
= !-'48 - [-':.(H cos l'ix))]dx half angle oSO = %
= 55144 casliy) dx
= "ﬂ fi 'icosU-lx\ dix
= ﬁ[‘x' 8 sinlux)] +c
8 x-37 sinlidx) ¥C
alfernatively. § sin1x) - costx) ol :
= S (sinwd-Costy dx double ong\e | sind cosB= 2 sinlz6)
=S (ZsinlzxY dx
=5.{ sintlax) dx o
=y j 3 (1- cosl4x))dx na¥ angle sin 0= 1;‘01_

§ §1- costdx) dx
g (x 'qsmqu)J ‘e
éx zSinl‘Jx\ e

] u

Tn both of these examples we Wave sine and cosine of e same angle,
but what it they ave different?

3. Scostisx) cos Lix) dx :
= 4 feas Lisx-4x) + coslisx +4)] dx cosh cosB=7Z [lcostAYRY+ cos (A-B)]

=7'.$ ces (iix) + cos(mx\ dx
23 [ rsinti + @ sinliand] +c



Now ot we have coveved all of e sive/cosive coses, we next consider e
secont/ tangent coses.

U. ) §secx rorPx) dx
= Sse.calx\ fan’(x) - ranudsectx) dx
= { se® 1) Lseciua -1 ¥ - Yonix) sect)
us= sec ()
duz= secdan o
= § ud Lut-1)* du
=S W' o240 o du
s mu- Fu'rau? b
- 3> 2 w, L q
=13 (secox)) - it Lsec(x)) +3 (secny)’ +¢

o) § ¥avdtx) dx © $secoddx
= § Yanx) - Fond dx - | sectx): (sectx)t fonlx)) dx
= { ano - (sectn -1 ol seclx)¥ fanlx)
= {tant-secttxydx - § tantx) dx - | sed)rsectotanix) Jy
= J tanwx) - sect(x) dx - § %F‘% dx seclx) ¥ Yon (x)
us fanlx) vz €0S (XD us seclx) ¥ fanix)
duz sectolx dvz-sinx) dx du=secix}tan(x) ¥ sectix)dx
= $ udu -S%dv =Sﬁdu
= "?,,u"' -Wnlvl *c = Inlultc
= 2 kantaY - n\sec ) +e = nlsect)t Yant)) tc

List of ’\'risonome\-ric. T denhities

cos'6tsve=1

1% vat0 = sec’d

cot*0 1= cs’O

cost® = Hwcoslze))

sit0= £(i-coslze))

sin cosb ="i sin (26)

smhAcosB= "'f.[s'm (ArR)+sinlA-8)]
coshcosB:2 L coslAtR)+ cos (A-B)]
sinAsin®=-Z [cosAr®) -cos (A-B)]



Exit Ticket Integration by Parts

Integration by Parts Let u(z) and v(z) be two differentiable functions. Integration by

/udv:uaz—/vdu

1. /81’66zd$ 2. /4xcos(2—3x)AY

parts says

Evaluate the following integrals:

b
u=gx dv=¢ dv uzdx  dv=cos(z-3x)dx
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x
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- 2
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d“ 7 ’I'(Z x) _‘ U:' \n()o AV
= N= X
s =nluxd- 3l2-x) -I-S'HZ >‘ dx du ,}(-dx '
= -—\n(t\x) (2-%) +—j'x bx"zlzx“ = Inlxd- X = SX - dx
=- g\ﬁlb\x)(z«) F3lExtex®-12x) ¢ =x'\n(x)-7 xre
e x
5. /e sin(42) ol ) 6. md)ﬁ .
ussnli) dv=€ dx " X
duz dcoslpddx v=-€* u=x X v = Faw o
- —sinluxd-e 7+ e qeosluxd dx dastiidx Z 04N
usucostux)  dv=& dx = syt § ‘i(x‘h\)' 2 gdx
du=-lugin(ixds vz -7 u.xﬂu
du =

. X _ 0% 1 i
=-sin(ux)e” - deostuvie™ - feXsinlix) & = 3 x4y S"“ "du

\ Jt
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