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Trigonometric Integrals

Let us start with an integral that we know how to do ,

Scosix) . sins(x)dx
u = sin(x)

du= cos(x)dx

= Susdu
= nu + C

= (sin(x))" + c

This integral is easy to do with a substitution because the presence of the cosine
sider it without

,

Let us consider it without,
Ssins(x)dx

Notice that we are unable to do the u-substitution without the cosine
,

so we may

try to reintroduce it using identities,
SsinS(X)dx

= Ssin"(x) . sin(x)dx

= S Isin())2 sin(x)dx utilize sinix) + cos(x) = 1 = > sin2(x) = 1-cos" (x)

= Sl1-cosix))? Sin(X) dy

Now that we have both sine and cosine
,

we can reintroduce then-substition

S11-cos"(x1)2. sin(x) dx

u= cos(X)

du= -sin(x)dX

=f (1-u32. du
=-Sl-zu + u" du

IEutus
-31cos(x) + c

Notice that this rewriting and substitution worked because the exponent was odd,

one sine stays and the rest get changed. It is often good practice to separate the
odd function so that we have one sinelor cosine) and the rest cosine (orsine).

Recap : Ssin"(x) cos"(x)dx
if n is odd: remove 1 sine

,
substitute the rest to cosine using sinix) = 1-cos"(x)

,
use

n U= cos(X)
substitution u= cos(X)

u=sin(x)
if m is odd: remove 1 cosine , substitute the rest to since using cos"(x)= 1 - sin(x)

, use

substitution u=sin(x)

if n and m are odd: choose the one with the smallest exponent and follow that path



Example :

1
.

Ssin"(x)cos"(x)dx cos(X) is odd
= Ssin"(x) . cos" (x) . cos(x) dx save one replace the rest
= Ssin"(x).(1-sin2(x)) ·cos(x)dx

U= sin(x)

du= cos(x)dx
= Su" 11-u3) . du
= Su" - 48 du

= = u7- u
*

+c

= [Isin(x))*- (sin(x))9 +c

Now we ask ourselves ,
what if m and n are even?

2. Ssin (x) . cos2(X) dx
2- cos(20)

= Still-cos(x))] . [Ell+cos(zx))] dx half-angle sin = 2

= [S1-cos"(2x)dx
I+ cos(20)

= S1 - [E(l + cos(4x))]dx half angle Cost= 2

= [S1 - E - Ecos(4x)dx
= i) z - Ecos(4x)dx
= (ix-sin(4x)] + c

= X - 3[sin(4x) + C

alternatively. Ssin(x) . cos"(x) dy

= Sisinix) .cos(x))2dx double angle sinG cost =sin (20)

= )(Esin(2x))2dx
= J sin"(2x)dx

2- cos(20)
=iS =(1 - cos(4x))dx halfangle sin = 2

= S1-cos(4x)dx
= E(X - [sin(4x)] +c

= X-3sin(4x) + c

In both of these examples we have since and cosine of the same angle,
but what if they are different?

3. Scos(15x) cos (4x) dx
= Si[cos(15x-4x) + cos(1Sx +4x)]dX cosAcosB= [coslAtB) + cos(A-B)]
=ES cos(1(x) + cos(19x)dx
= [itsin(1(x)+asin(19x)] +c



Now that we have covered all of the sine/cosine cases
, we next consider the

secant/tangent cases.

4
. (a) Ssec(x)tanS(x)dx

= Ssec(x) tan"(x) - tan(x)sec(x)dx [
We left 1 sin or cos earlier so thatwe

=Ssec(X) (sec(x)-1)? tan(x)sec(x)dx had du for u = cos/sin . When u= sec(x)

u= sec(x) we need du = secixitan(x)

du= sec(x)tan(x)

= Su (u2-12 du trig rule: 1 + tam2(x) = sec(x)
=Su -zu'o +us du

= 15 u'3-Fu" +an + c

= is (secxl)"- (sec(x))"+ (sec(x))" +c

(b) Star (x) dx (c) Ssecix) dx
= Stan() . tanz(x) dx

=[secix) · (sec(x)+ tan(x)) dx
= Stank) . (sec(X)-1) dx sec(x)+ tan(x)

= Stan() .sec'(x)dx-Stank)dx
= [secx) +secixstan(x)dx

sin(x)
= Stan() .secx)dx-S cosix) dx Sec(x) + tan(x)

u= tan(x) v = cos(X) u= sec(x)+ tan(x)

du= sec"(x)dX du = -sinix)dx du= sec(x)· tan(x) + Sec(X)dx

= Sudu -Si du =Side
= Eu - In(v) + c = InlultC

= Han(x)" - In/sec(x)) + c = In/sec()+ tan(x)) +C

List of Trigonometric Identities

Cos + sin20 = 1

1+ taro = seco

coto + 1 = csC

Cost= Eli+cosize)

sinG = Ell-cos(ze))

sinG cost =sin (20)

Sin A cosB=[sin (AtB)+sin(A-B)]

cosAcosB = [cos(AtB) + cos(A-B)]

sinAsinB = -* [cos(A+B)-cos(A-B)]



Exit Ticket Integration by Parts

Integration by Parts Let u(x) and v(x) be two di!erentiable functions. Integration by

parts says

ˆ
udv = ux→

ˆ
vdu

Evaluate the following integrals:ˆ
8xe6xdx1.

ˆ
4x cos(2→ 3x)2.

ˆ
(2→ x)2ln(4x)dx3.

ˆ
ln(x)4.

ˆ
e→x sin(4x)5.

ˆ
x7

↑
x4 + 1

6.

Produced by Audriana Houtz, Mathematics Ph.D. student at the University of Notre Dame.

dy

n=8xdv =edy
u = 4xdv = cos(2 -3x)dX

du = 8dxv =ye du = 4dxv =-sin(2-3x) .5
= 8x .he - Ste . 8dx

=-4x. sin(2-3x) .- + Sisin(2- 3x) - 4dx

= xex- =ex + c ==Exsin(2 - 3x)+ cos(2 -3x) . 5

dx
u = Inkx)dv = (2 -x)2dx

u= (n(x)dv = 1dy
du= v= 5(2- x)3. -

= - In(4x)-(2 -x)3+Sz(z-x)3dy du = *dxv = X

=

- -(n(4x)(2-x(3 +=fxc- 12xdx
= In(x) . X-SX . Edx

= - -(n(4x)(2 -x)3 + 5)5X*3x2- 12x) + C
= X.(n(x) - X +C

dx dX

u = sin(4x)dv = e-
*
dx

u = x4 du=x Sidx
du = 4cos(4x)dx v = - e-

X

=
- Sinkx) -e*

+ Se-* 4 cos(4x)dx du = 4x
*
dx

V = Ex"+ 1)"z u=Xdy

u = 4 c0S(x)dv = e-*dx
= x4. E(x*+1)"- SE(xY+1)"2.4*dxSu "2 d

du = -16sin(4x)dx v = - e
- Y & =X,

2 . u 24 + c

=-sin(4x)e
*

- 4cos(4y/e
*

- Se . In sin (4x) dy
= [x4(x*+1-S24" du

z(x*+1)+c

17Se*
sin(4x(dx = -sin(4x)e

*
- 4coskyse*

= Ex"(xt)" Bu+

= EXY(x*+1)"- (x*+1931 +c

Jesin(4x)dx=[sin(4x)e
*

- 4cos(4y1e)


