
Improper Integrals
Infinite Integral

In an infinite integral one , or both ,
of the limits of integration are infinite .

Wehavesolvedintegralsoverdefiniteintervalsbutthese are integralso as

This is an integral we have seen before ,
but because of the infinity we

can not just integrate and "plug in." Let us recall what an integral is: the

area under the curve f(x)== over the interval <1
,

07.

This is still hard to compute ,
so instead we consider the area under the

curve f(x)= x" over the interval [1, t] where to I and t is finite. This is

something we can do: At = Six= dx = - X]) = 1 - E.

Now we can consider the area under f(x) on11,
8) simply by taking the

limit of At as goes to infinity : AlmA = lim(1- = 1
.

t+0

This is howwetackle
the integral itsa

= lim [- * ]
,

t

+ +0

= lim [1-E] lim(E) = infinitelybig= infinitely small = o
t+5 t-8

= 1 .

This is how we deal with these kinds of integrals in general . We will replace
the infinity with a constant (I like c) ,

do the integral and take the limit of
the result as the constant goes to infinity :

In this example the area under the curve over an infinite interval was not

infinity as one might expect. Instead we got a small number. This isn't

always the case. We call these integrals convergent if the limit exists
and is a finite number and divergent if the limit either doesn't exist
or is (plus or minus) infinity.

1
. If Sf(x)dx exists for every >a then Saf(x)dx = limSf(x) dx provided mit

t =0
the limit exists and is finite.

2. If SYf(x)dx exists for every to then S %f(x)dx = limSf(x)dy provided
the limit exists and is finite .

t =0



3. If 50 f(x)dx and 99f(x) dx are both convergent then ,

Sof(x)dx = Sf(x)dx + S,f(x)dx where is any number.

Note that both integrals must converge for this integral to be convergent.

Examples :

1

. Determine if the following integral is convergent or divergent. If convergent, its value.

find its value.

(a) So x dx (b) So is'x'dx

= lim S * dx = lim Staxdx
t-8 t ->-

= lim [In1x1], = lim [-213-x]
t ->8 t-7 -8

= lim((n(t) - In (1)] = lim (-25 + 213-t')
t-T -x

= D
= -25 + 0 = 0

·
: divergent ·: divergent

ic So xe*
dx (c) S sin(x)dx

=Sox*
dx + 58xe- **

dx ImSsin()dx

Indixe
*dx + LimSx* = lim Ecos(x)]_

t->

= lim [-**]i +im lze- = lim[cos(2) - cos(t)]
t-=2 t-8

= lim [-k + zet] + lm- limit does not exists !
t= -O

:. divergent
=- + z
= O

: convergent

Discontinuous Integrand

The second type of improper integral is a discontinuous integral .
1. If f(x) is continuous on the interval (a, b) and not continuous at X= b

then Sf(x)dx = lim Safix)dx provided the limit exists and is finite .

t-> b-



2. If f(x) is continuous on the interval la ,
b] and not continuous at X= a

then S& f(x)dx = lim SYf(x) dx provided the limit exists and is finite .

t->at

Note as well that we use one-sided limits here since the interval of

integration is entirely on the one side . Upper-left , lower-right.

3.If f(x) is not continuous at x= c where accb and Saf(x)dx Sef(x) dy
are both convergent then S&f(x)dx = Saf(x)dx + S& f(x)dx.
Note that both integrals must be convergent for the total to be convergent.

4.If f(x) is not continuous at x= a and x= b and if Saf(x)dx " S& f(x)dx
are both convergent then S& f(x)dx = Sif(x)dx + S? f(x)dy where c is any
number ab.

. Again ,
both must be convergent for the total to be.

Examples :

2. Determine if the following integral is convergent or divergent. If convergent,
find its value.

(a) So 3x dx (b) S22 * dx

=

lim.

Ssxdx = S:2 dx + 93 dx

= lim [-23-x'] =

In .

Sax +max
t-> 35

= lim (25-213-t) = lim [-2] + Im[]
t + 3- t->0

-

= 25 : converge
= lim (-22) +im -2

+ ->0-

(c) So dx = -- + -8

=-O : diverge
= So * dx + S, * dx

-

InStx + limSx
= lim[- *] + lim[

t-ot

= lim (-I + E] + im (-1+t-ot

= D + 0 = 0:diverge


