Tmproper Tntegrals
Tofinite Trtegral

Ta an infinite integral one, or both, of the limits of in’re,ara{'ion are nfinite.
We hove solved w

Yegrals over definite intervals,put these are integvals over
wfinite intevvals. Consider the integral £ % dx.

This is an integral we have seen before, but because of the infinity we

can vot just integrate and "plug in Let us recall what an integral is: the
orea under the curve £UA=3%T over e interval €y, 001,

This is still havd fo compute , so instead we consider the avea under the

curve £(x)=%T over the interval [),¢1 where t>| and & is finite. This is
something we con do A= §§ xde=-%1f=1-%.

Now we can consider the avea under ¥0x) on [1,0°) simply by taking the
limit of Ae as t goes to infinity: A.:\im‘mﬁ \lv_g'\f(l-?b l.

This, is how we fackle ine ntegral itself,

gfp? dx = ‘i'-'-\fs' xT dx
= \im [-x"'].£
&P
= m [\-£]
2P
= |.

This is how we deal with these kinds of integrals i general. We will replace

e infinity with a constont (T ke ¢, do the integral and take the limit of
the vesult as the constant goes to infinity.

In this example the ovea under the curve over an infinite intevval was not
nFinity as one might expect. Tnstead we got a swmall pumber. This isn't
always e case. We call these integrals convergent if the limit exists
and is o finite number ond divergent if e limit either doesn't exist
or is (plus ov minus) infinity.

1. TF S5 Puodx exists for every £2a tnen  §a Flodx = lim a;: f1x) dx provided
l’hs, limit exists and is Finite. ¢
2. TF §; f)dy exists for every t<b then S:. £x) dx =

limSs F00dy provided
the limit exists ond is finite. & =00



3. TF $ Ceody and §5 Fix) o‘o*x are both convergent then,
§70 fx)dlx = sf} £00dx ¥ sc fFoodx where cis any number.
Note/ that 'bobh linfe.grals wust convevge bor| Yhis ntegral fo be convevgent.

Examples?

1. Determive if e following integral is convergent or divergent. TF convergent,
find its value.

—
(o) Sfp % dx (v) Sfpo J3-x' dy
z \im f'?olx = lim 3: =% dx
T d t=>-cP
= \eignf[\nlx\'.\f =\.f."§‘.f[“2 J3-x']:
= li_v,n’[\nlt)-\nl\ﬂ ",f!!'..o('z"? ¥ 243°¢)
z P =-243 +P = 00
disneree.n’r divevgen\'
=
) S—f Xe xtdx () S:: sin O dy
2 ¢
: s:o xe.'xtdx t S:, xe X dx =t -2 sinvodx
t2P
-1 ° -xt . s -x? =i - ¢
'le’ﬂ-fg{- xe Xdx ¥ \s.m,&, xe " dx \ég\f[c.oscx)-.l-z
=\:_v:x¥£'='ze.’"']Z Flim, (Le™ T3 = limLcosta)- cos()]
=i _‘;"_‘,["!‘ rhet s \siin/[-‘"ze:szl- 3] limit does not existe!
) divefgeﬂ‘\'
= "3 ¥ 3
=0

convefsen-}

Dis continuous In’re@mnd

The second Hype of improper integral is o discontinuous integyal.
1. TF fuois con\-inuogs on te interval Ca,b) and not continuous ot x=b
fnen Ja fu0dx =E_v:\b_ Ja fx)dx provided the limit exists and is fnite.



2.1f F(x) is c,on\—muous on e interval (a,51 ond not continuous at x=a
en 5o £fo0dx = \mn St E0Odx provided the limit exists and is Finite.

3. TP 00 is not continuous ot x=c where accel and 35 fuddy & S7E0O dx
ave both convergent then S s00dx = 35 fuodyx + 52 F0dy.

U.TE E00)is not conbinuous gt x=a and x=b omd i SEetodx f 88 o0 dx
ave ‘ooth convergent then §a foddx= §5 ftdx + 52 fLddy where ¢ is any

number a<ccb.
Examples!

2. DeYermine if the following ntegral is convergent or divergent. TF convergent,
Qlﬂd \'\'5 \lalm

-
by 35 % ol

= szﬁ Jx+s: x3 dx

)
L) Sz 3% dx

e —1_
= “m_SQ Js-x dx
23

2 3 L
: l‘-ﬂ [-ZJB-X'-_\t = \am_Si x3dx } Iim Ss x* dx
= Li.v:ss_(Zﬁ'-ZJs-t') = g_v:lo - zxi]-z + hm [ 2x‘]
=243 .. converge = ll_v:(\‘ (g a Ze") Hum (18 25’-3
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Le) g:ox—"dx
=5 %dx’f‘v’)?'io‘x

= lipn, Sy dct Y §7 % dx

lim [’x];= tlim [ XL]S
¢o0t S=»o”

lim, -1+ &]i' |nm [‘|+s]
=o'
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