Numerical In\-egml-ion

So for we have seen integrals that we con compute, but somekimes we run

into '\ln’rg,gm\s that we can not compute. The most popular example of tis
is JoeXdx. Tnstead of comPuH-ing te integral, we aim to estimate the

values of such definite integrals. Commonly this is done by estimating the
area under the curve Using shopes we knows the avea of.

Midpoint Rule

This vule should be fawilar Yo \ou Hrom calculus T lor c,a\cu\gs A). We divide
e nterval Cobd into n subintervals of equal widtn, Bx: 2, we denote tnese
subintervals O\ CxXey X153 EXisX e, ooy CxXaet o Xnd p3lneve  Xoza and xa= .

wndevestimate For each interval let x* ve e midpoint of the
1Y joverestimats interval. \We ¥nen sketch rectangles for each
: N s subinterval with a height of Fx!>. The image
- shows an example with n=4. We. con easily Find
. v O | I the ovea for each of inese vectangles, the general
¥ KoMk, M X BKg ¥l g

formula is
3: ROOdX = Bx-PUX*Y + AXFLS ¥ ooo ¥ AX-FOXD = AXL P2y Ex#)4...¢ B x2Y].

Tropezoid Rule

We once again split our interval Ca,bl nto n subintervals of width Ax= b2,

yunderestimate For each subinterval we draw a straight line
] \\ overestimate Hatl s equal fo the function values ot either
N endpoint of the interval The image shows on

exomple of n=4. You will notice that the
N resu\\-‘mg shapes are frapezoids , hence the
name of e vule. We con now use Hhe avea
formula A= & Ll ¥ £(x:)). We add up each Yropezoid fo find e general
formula $o f0dx > 7 (Fuar ) ¥ 22 (Flxd P Foend S5 (£0xae) ¥ £xm))

= ez.f [P Z- PO+ 2-F0R) ¥+ 2- Fltn) + £ Ixnd ]

¥ %o | Xi| % X3 |Xy

Simpson's Rule

The final method requires the number of subintervals, n, ‘o be even. The

widkh of each subinterval will still be dx= 7. The necessi by of n

beﬁng even will be obvious in a bit



;_:"d"::j:;':::fmh Unlike the dropezoid rule ,which used a
» w“\ / straight \ine approximation, Simpson's rule
N approximates the funclion using a Quadrakc.
Yol agrees with 2 points of e funchon
R Bom our subintervals. The moage shows an

v Ko t ¥ % *’ Xq

example with n=4. The ¥ree points are
colored differently Yohelp see why we need on even nuwber of subintervals.
We con now ukilize Hhe area of these a?proximah’ons,Ai=?($(x¢..\+'-l FXOFF(X 1))
to approgimate \’r\ea!'mhsral,
Sa FOMdx = 3 (£0xdF 4P & Ex)) F... ‘\’b_‘; (£ (Xn-D F4E(xn-1) ¥ (X))

=3 [ Fxo) b HE(X) F 28I Fee b 28 (X F U F(Xn=) ¥ F (X))
Nokice that all of the odd subscripts ave multiplied| by 4 and all of e even
(except fivst and last) lave mulkiplied oy (2.

E xomples:

1. Use n=4 or_zd all Hree rules to approximate the value of the Fo\louoms
nfegral: So X dx.
Tn each case the width of e subintervals will be ax= 25~ * %,
i.e. [0,0.51, L0.5,11,[1,1.561,1.5,21.

2 \ 2 2 ]
Midpoint: & eXdx =7 (0 ¢ ol039% . 29 03y -y naEls

vz
Topezoid: §, e<dxa [+ 295" 2e% 249" ™) = 20.Lu4L
3
Yz

2
Simpson's: Sy eXdx=3 (™ + 4™ + 26" £yt &)= 173530

2. Eind £L5) using tvapezoid rule with n=4 and F(N= 1.
X 11.0]15]2.0{2.5|3.0|35|4.014.9|8.0
f'o) 13.0125]|2.0[15]2.512.013.0/3.0|28

Recoll the Fundamental theorem | of | calculus, So £'(x) dx = o) - Flo)
. so | Plods £y §o £'004x
Fey= F Y S, £'00dx
0 F F LRWYE 26(2) 4 2803)F 2600+ £Ls)]
= f)+ 2 (3.0 2020V F2(25) + 2130V 2.5]
\+z2(3+446%L1+2.5]
\+ 2 [ 20.5]
I+ 10.25 = \1.25



Exit Ticket Trigonometric Integrals

Trigonometric Integrals Given

use u = cos(x)

use u = sin(x)

b
/ sin"(z) cos™ (x)dx.

if n is odd keep 1 sin(x) and replace the rest with cos(z) using sin®(x) + cos?(z) = 1 then
if m is odd keep 1 cos(x) and replace the rest with sin(z) using sin®(x) + cos?(z) = 1 then

if m and n are odd choose the one with the smallest exponent and follow that path if m
and n are even utilize half-angle and double-angle formulas

Solve the following integrals using the concept above:

1. /sin5(x) cos’ (x)dx

: Ssin(x\ (sinz(x\\zoos"(x)olx

. Jsinto(1-coixy cos*xdx
u=coslx)  du=-sinlxidx

= -S(\-u‘)zu"du

== §ut-2u'+ u'du

c - 19'u7+é’u'°-—:—iu"'+c

= - £ oSV & 08y - 15 codZx)+C
3. /sin2(m) cos*(z)dx

-;S (\- 0051(’0\ COSL,(X)AX
=§cos(x) - cog’lxrax

2§ 25| 2+ castzx)~2cos x) - cosled)dx
<32 [Zx t Ssinl2x)- Fcosl) -5 coslux)]i—c

= -Snlbx) _ ginlix) |, ginlex)

X
192 LA e te

2. / cos*(x)dx
-§ costx) cos (\)dx
=§ costx) (1= sin(x))dx
u=sinlx) Ju=costxdx
=§ \-utdu
Su- -!5 u3 xC

= sinl) -3 st (X) +¢

4. / sec®(x) tan®(z)dx

= Jsectatan(x) sedix +an'lxydx

= § secw -\-a:\ :x\ secix) (se(x) -1y dix
u=setlx)  du= seclx)ranlx

= S (1Y du

2§ w20+ u®du

IRSANE:

= L‘?- se,c?(x}-% ceclyt sec’ ) ¥ e
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Exit Ticket Partial Fraction

Partial Fraction Decomposition:

denominator partial fraction
ax + b ﬁ;b
(CLCIZ + b>n a;r:~|—b + (ax+b)2 Tt (a$+b)
azr? + bx Az+B

ax?+bx

(CLZ[;Q _|_b)n Alx—l-Bl + Agx+ By 4o An$+Bn

az?+b (az2+b)2 (az?+b)n
Solve the following integrals using partial fractions:
]
4zt 20t + a2 4+ 422+ 1
1 /(91:+1)(a:+4)2d$ 12 / P - dx
2 C \
Yaxtl _ A, B 2% +1
O T Germy - Dyt \ )(3+X JI U
Pixrl = AlxafsBLerlxrd) ¥ CLxH) ‘\ - (2 . -gxz)
y:".\.x.\»\:k{"{-BAX\'\bA-\- RC+5Bx +4B ¥CxX ¥C 04-();3 -I'Zx;*'l
| (% rx
2., _ A=\-B AKX YA
* .\-::imc ‘1 1= 8L-8)+SB ¥C I 0O 2x2-x*¥\
Yi\= ¥ . ¥C
g1z WAUBHC | 1= tul-Br e I Szx\-\ y 2xid =|-\\
A: -2 |‘ A“'B c | A rC
1= §-8B 5B YC " "'7'3'33"% | 28=xd = gt e
-\9=~- TE
\zlp-lzBkC 1 (5= [ e o BRHCS
f=1-8 ' A=\-B 28- w1 = AXY Sl 1B
?_ SB*C '1."’33"’C ' i’.:z: A\.B \ 2.\3-0 \ -\:C
L = =-l=C - | I
15 =128-C \ 8=48 ‘ X\'-' tf'p\ y V=R 1=h
A= \- 8/a L A=tla ( T
—3=-3\8l)C | c=-Bl3 [ ':X 2% ¥l ¥ 5 ¥ ey dX
=9
8/a=B ' =8/

Wa . 8la B3
Shm)* (x*-‘-l)* (x+4) d

= Halyls Sl s S oo

1
-_Su’c\r?z*;zxﬁ - e o>

(
: 2+ XHnlx! + S+ | -arctan(x) +C
|

|
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