
Two Variable functions, " Double Integrals
So far we have exclusively looked at functions of the form y = f(x) and X = h(y)·
but not all curves or equations follow this form .

For example ,
a circle. The

equation of a circle centered at 10 , 0) with radius r is given by x+y = r. This

equation can not be transformed into one of the forms mentioned above. We

can solve for x or y but are left with y = =r2-X2 or X = = r2-y but these are

technically two functions each ,
the top and bottom hemispheres or the left

and right hemisphere.

Two Variable functions

Let us get familiar with these two variable functions with a visual example .
Let's

say we have a house with a circular floor plan with a cut-off for the entrance .

The height at any point in this house can be given by the two variable function
f (x

,y) = 40-2x +2y . Using the picture below answer the questions to the side.
-
10

15,2.5) and 1-5 ,
-5)?

Kitchen Living

·ny
a What region of the house are you in at

Room 15
,
2.5) is in the living room

1-5
,
-5) is in the living room's study

Bedroom Foyer
(b)What is the height at 110 ,5) and 1-10 ,

-10)?

·-5 ,
- 5)

study earce f(5
,
2 .5) = 40 - 2(5) +2(2.

5) = 35

f(- 5
,

- 5) = 40 - 2)-5)+ 2) -5) = 40
--18

(c) Parameterize the foyer region in terms of X and y .Give 2 ways of doing this.

X first notation :

lowest X = highest => 0= X = 10

random vertical line:

bottom function : Y = top function => X-10 = y = 0

D=E(x
,y))0= X=10

, X-102y =03

Y first notation: by the foyer.
D= E(x ,y)) - 102y = 0

, y + 101x103
X,y)02X=20

,
X-20 = Y = 03 .



(g) Use the ideas of Riemann sums to find the internal volume of the house

enclosed by the foyer.
Volume enclosed by the surface f(x,y) = f(x

,y) = 40-2x +2y over the region
D= E(x,y) 02X110

, X-10 y = 03.

* Divide the region D up into small rectangular patches with
Y-------

evenly spaced horizontal and vertical lines. We describe

trance each square by its center (X
,y) with width Dx and

ei length By so it has area A= DX · Dy . Since this square
is infinitely small , we can assume the height to be f(x

, y).

Thus DV= DX · AY · f(x
,y) = (40-2x +2y) . AX . By . Just like

before we can sum over the variables to get

V = lim 240-2x + 2 y DYBX.
n,m-

Double Integrals
↑

f(x
,y)dxdy (if it exists)

.

The double integration of f(x,y) over the rectangle R =E(X
, y) a = X=b

,
c = Y =d3 is

SSrf(x,y)dA = S
c
"Saf(x

,y)dxdy (if it exists)
.

Example. &

x-values y-values
↓

1
. Compute SSr xy2 + cos(ix) + sin(T(y) dA over R = C-2

,-12 x(0
, 17 . SinCity) is a constant

↓ with respect to x i.e .2

SSrxy2 + cos(ix) + sin(ny) dA = SoSx2 yz + cos(πx) + sin(y)dxdySydx = yx+

1- insidasin(y)dy
=Siv + Sin City) dy

- 2 + !
= (y3-#cos(ny)]!

-1-
= +

Since the bounds for both x and y are constants
,

we can swap dxdy to dydx.

SSrx2
y 2 + cos(TX) + sin(ny)dA =S Sixy + cos(n+x) + Sin(ty) dydx but this isn't always the case.

scoslod
=Six+ cos(πX)++ dx

- I

= Y + Sin(π+X)+ X)-z

= -13+ 0 +)-1) - 2)-2)+ 0- )- 2)

=+



Exit Ticket Improper Integrals

Improper Integrals

1. If
´ c
a f(x)dx exists for every t > a, then

´→
a f(x)dx = lim

c→↑→

ˆ c

a

f(x)dx provided that

the limit exists and is finite.

2. If
´ a

c f(x)dx exists for every c < b, then
´ b
↑→ f(x)dx = lim

c→↑↑→

ˆ b

c

f(x)dx provided that

the limit exists and is finite.

3. If f(x) is continuous on the interval [a, b) and not at x = b, then
´ b
a f(x)dx =

lim
c→↑b

ˆ c

a

f(x)dx provided that the limit exists and is finite.

4. If f(x) is continuous on the interval (a, b] and not at x = a, then
´ b
a f(x)dx =

lim
c→↑a

ˆ b

c

f(x)dx provided that the limit exists and is finite.

5. If f(x) is not continuous x = t where a < t < b, then
´ b
a f(x)dx =

lim
c→↑t

[ˆ c

a

f(x)dx+

ˆ b

c

f(x)dx

]
provided that the limit exists and is finite.

The integral is considered convergent if the limit exists and is finite and divergent if the
limit doesn’t exist or is infinite.

Solve the following integrals using the concept above:
ˆ →

0

1

x
dx1.

ˆ 1

↑5

1

10 + 2x
dx2.

ˆ 4

1

1

x2 + x→ 6
dx3.

ˆ 0

↑→

e
1
x

x2
dx4.
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* 19
C -) -D d-0-

15 dx + him+ Sp(x- 2)
-

(x +3) ↳=lings-2) (x +3)

475 15 dx
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