
Double Integrals-General
Over General Regions

So far we have been working under the assumption the region we are working over is

a rectangle ,
but this isn't always the case.

The integral over any region D can be described in two ways :

(i) Vertically Simple (ii) Horizontally Simple
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D= E(X
,y)a = X = b

, 9,
(x) [Y =92(x)3 D=E(x ,Y) hi(y) = X[ha(y) , =Y = d3

SSpf(x ,y)dA = SSgf(x ,y)dydy Sp f(x,y)dA = ScSif(x ,y)dxdy

Examples :

1. Compute SSp e
*
"dA where D= E(X,) /1y = 2

, y = X =33

X= Y

This horizontally simple i .e. every horizontal line
y =2 I draw horizontal line in the shaded region

x= i3
&

is bounded on top by one function and on the

①

Y= 1

bottom by another function.

SSD e
*dA = S?Se

*
dx dy

= Si[ye**I dy
= S? ye

*-ye' dy
= [ze*-ve']
= Ze"-Ze

2. Compute the volume of the foyer in the house from last lecture.

20 The foyer is both vertically and horizontally simple

· (i) vertically D = E(x
,y) OX= 10

,
X-10 = y =03

9505%10 40-2x +2y dydy

(ii) horizontally D= E(x
,y)) -10 = y = 0

,
0 = X = y +103

S.09:*
+

**0 - 2x +2ydxdy

0 75X - 5 - 01-
I

=- 300x" - 53x3 + 3x2 + 760x720
I

=
- 300(20)"- 55(203 + 5(202 +=(20)
=

7600
3



(i) vertically D = Ex
,y) OEX = 10

,
X-10 = y =03

9:%S20 40 - 2x +2ydydx
-

integrate with respect to y

=S5040y-2xy + y 2 14-10dx
-

plug into y

= $500 - (40(X-10) -2x(x- 10) + (x- 10)2dx

= S50 - (40x - 400 - 2x2+ 20x + x2- 20x + 100)dx

=Sj0 -1 - x + 40x - 300)dx

=S50x2 - 40x +300dx

=X - 20x2 + 300x168

= 5(10)3- 201102+300110)

= 4000

(ii) horizontally D= E(x
,y)) -10= y = 0

,
0 = X = Y +103

S.20S8
+**

40 - 2x +2ydxdy

=Sio40x - x2 + 2yx(y
+0

dy

=Sio40(y +10) - (y +10) + 2y(y +10) dy

=Sio40y + 400 - y2 -20y = 100 + 2y2 +20ydy

=Si0y2 +40y +300 dy

= 5 y +20y +300y1% 0

= 0 - (5)-103+ 201- 102 +3001- 10))

= 4000



Exit Ticket Numerical Integration

Numerical Integration We can estimate the integral

ˆ b

a

f(x)dx using the following formu-

las,

1. midpoint:

ˆ b

a

f(x)dx → !x [f(x→
1) + f(x→

2) + ...+ f(x→
n)]

2. trapezoid:

ˆ b

a

f(x)dx → !x

2
[f(x0) + 2f(x1) + ...+ 2f(xn↑1 + f(xn)]

3. simpson’s:

ˆ b

a

f(x)dx → !x

3
[f(x0) + 4f(x1) + 2f(x2)...+ 2f(xn↑1) + 4f(xn↑1) + f(xn)]

where n is the number is subintervals and !x = b↑a
n

Estimate the following integrals using each of the rules above:
ˆ 7

1

1

x3 + 1
dx1.

ˆ 4

0

cos
(
1 +

↑
x
)
dx2.

Produced by Audriana Houtz, Mathematics Ph.D. student at the University of Notre Dame.

(with n = 4)

7 - 1
Dx=

y == DX=
0

= 1

izinsiz Binniz bilz'siz sizt
midpoint :

= /17,3+ i
+

23,3 +1
+ (192413+ 1

+ (sini+ 1] midpoint :

= I[o) +cos(ite)+cos(ite+cos(itE)]
trapezoid :

trapezoid :

=2+2 +2+ 12+] =E(cos(i)+2c0s(2)+20s(1 +1)+2cos(1 +5)+cos(3)]

Simpson's :

Simpson's :

=Zi+it4isizit2it4 i + 12+ ]
=[cos(1)+4c0s(2)+2cos(1+1)+4c0S(1 +5)+coS(3)]


