
Week 88: March 9th 2023

Section 14.1, 15.1,15.2: Two Variable functions? Double Integrals

So far we have exclusively looked atfunctions ofthe form y=f(x) and x
=hly), butnotall curves or equations follow

this form. For example, a circle. The equation of a circle centered at10,0) with radius r is given by xt = r. This

equation can notbe transformed into one ofthe forms mentioned above. We can solve for xory but are left with

y =
=r2-xzor x =

tr-y2 butthese are technically two functions each, the top and bottom hemispheres or

the leftand righthemisphere.

Letus getfamiliar with these two variable functions with a visual example.Let's say we have a house with a circular

floor plan with a cut-off for the entrance.The heightatany point in this house can be given by the two variable

function f(x,y)=14-160 (x+y). Using the picture below answer the questions to the side.

a) Whatregion of the house are you in at110,5) and 1-10,-10)?

110,5) is in the living room and 1-10,-10) is in the living room'sstudy
(b) Whatis the heightat110.5) and 1-10, -10)?

f(10,5) =14-100((101 +15)) =14-100(125) =14 - 1.25 =12.75
·
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f(-10,-10)=14 - 160(1-1012+ 1-1012) =14 - 160(200) =14- 2 =12

I

(c) Where is the highestpoint? Whatis the heightaround the circular perimeter?it Around circular edge f(x,y) =14-100(x+y) =14-160(r) =14-100((201) =14 - 4 =10

Foyer Highestpointhappens when we subtractfrom 14, i.e. (0,01.

(d) Write down the heightfunction along the entrance in terms ofxwith a range.

Using the equation ofthe line y= x-20, f(x,y) =f(x,x-20) =14 - 100(x +(x-zo)

let Parameterize (or describe the foyer region in terms of xand y

X ranges from 0 to 20 and y ranges (inx terms) from x-20 to 0

If) Use the ideas of Riemann sums to find the internal volume of the house enclosed by the foyer.

volume enclosed by the surface f(x,y) =f(x,x -z0) =14- 160(x-x2) over the region D=[(x,y) 02x=20, X-2024 =03.
X

i Divide the region D upinto small rectangular patches with evenly spaced horizontal and vertical lines.
X-------

We describe each square by its center (x,y) with width x and length by so ithas area
France A=Dx.By. Since this square is infinitely small,we can assume the heightto be fix,y).Thus
ei

AV=DX.Ay.f(x,y) =(14- 160(x+2).AX.BY. Justlike before we can sum over the variables to get
V =lim 14 -160(x+y) BYDX.

n,m-

Double Integrals

Rectangular Coordinates
The double integration offix,y) over the rectangle R=5(x,y) a = x =b,c=y =d3 is ((Rf(x,y)dA =S,S f(x,y)dxdy (if itexists).

example.Compute SSRx*y+cos(ix) +sin(TTY) dA over R =[-2,-13 x [0,1].
SSRxYy2 +cos(x)+sinCry) dA=S!S- xyz +cos(x)+sinCTY) dx dy

- I

=S6(5 xyz +sin(ix)+xsincry)]!dy Siny) is a constantwith respectto X

=S' y2+sinly dy
-I t I ! b

=(y -cos(πy]!
- I -

= +
-2-



Over General Regions
So far we have been working under the assumption the region we are working over is a rectangle,butthis isn'talways the case.

The integral over any region D can be described in two ways:
(ib vertically Simple Liil Horizontally Simple

D=[(x,y)a[X=b,g,(x)=y291(X)3 D=E(x,y) h,(y) =x=hz(y),([y =d3
.........

X insi X

x=h,(y) x =hz(y)

--- ......

Y

SSp f(x,y)dA =Sa S, f(x,y)dydx SS,

"

f(x,y)dA
=S!S"f(x,y) dx dy

example.Compute SSpe*dA where D=E(x,y)/12y=2, y = x=y33 (this is case (iil)

SSpe*"dA =S, S,"e* dx dy =
t

&⑧

=S,ye"" dy =S,"ye"-ye' dy -
-

=[te"-ye']=e"-ze ..
⑦....

example.Compute the volume ofthe foyer in the house example above.

The foyer is both vertically and horizontally simple so we can do ittwo ways.
il vertically D=[(x,y) 02x=20,X-20 =y =03 (ii) horizontally D=E(x,y)) -20 =y =0,0 2X=y+203

I. So SY-zo 14-160 (x+y) dy dx 1.%0S.***14-100 (x+y) dxdy
=SY-c 14 -idox-1o y2 dydx =S.20S**94-i60x-ido y dx dy

-S144-10oxy -100 3%-z dx =S. 14x-300x-360 y2xJ dy
I I

=S?" 14(x-20) -100 x"(x-20) -300(x-201 dx -S.14(y+20) -300 lytzo-3o0 y"lytzol dy
-S. Mx-280-100-5x2-360 -5x-4x+8dxS= S.- 15 x -5 x2 +10x +730dx

I

= - 300x" -5x +5x2 +740x]. =0 -(001-2014 - 5 (-20 +51-2012 +",-20))
740

- - 300 120"- (20 + 5120+5 (20)
=7400

3

=
7600
3

In Polar Coordinates

So far the region I could either be described by Cartesian coordinates or by functions ofcartesian coordinates. Sometimes a region is

beter described in terms ofpolar coordinates like disks, ring, or portions ofdisks and rings.For instance ifIis the disk ofradius 2

then D can be described by -22 x=2 and -Nxy=Nx: OR O20I25 and 02r=2, which setofintegrals looks easier to solve:

SSpf(x,y)dA =SSf(x,y)dydx =S*S. flrcos, rsinG).r. drdG.
To convertfrom rectangular to polar: To convertpolar to rectangular:
r=x+yz X=rCOSO

a=tan(*) +i (sometimes - is notenough) y
=rsing

example.Converteach ofthe following points into the given coordinate system.
(a) (3,-3) into polar (b) (3,5) into polar (c) (, /4) into rectangular (d) (2,7T/6) into rectangular.

· 13,5) · (,π/L)
&O I no

- (2,7+;)

·

(3,-3)

r =(3)2+1-312 =18' =32 r=(31+(15)=12 =23 x=c0s)*/4) =E(E) =1 x=2c0S(+T/b) =2)-P/z) =- 15'

a=tan'=- a=tan') =The y
=rsin(/4)=(*) =1 y =2sin (74/)=21

- 1/2) = -1



example.Converteach of the following equations into the given coordinate system.
(a) 2x =5x=1+xy into polar (b) r= -8costinto cartesian

zIrcosf)-SIrcosGl=ItIrcosE) IrsinG) r=-8rcOSG

IrcosE-SrcO8= 1t rcost sing x
+y2 =-8x

example. The density ofa quarter ofa disc ofradius zm centered atthe origin sitting in the firstquadrantis given by the

function f(x,y)=2x +y2. Find the total mass ofthe quarter disc.

Mass= SSR p(x,y) dA

=S?Sr-xe2x+y2dydX 2x+y2
-SS" Ircos+r") rdOdr x

2
+x2 +y2

=SS:* cosOtr dO dr (rcOSO) + r

-SiS.* (1+ cos(2)) +r dOdr
=S (r (8 +sin (20)) +8]. du

O

=So r+rsinl)+r - 10 +trsinl+O) dr
-Sor dr
-(Fr"]?
=3- Y
=Y

example.Compute SSp2xydAwhere D is the region between the circle ofradius 2centered atthe origin and the circle ofradius 5 centered atthe

origin thatlies in the firstquadrant.

D:2<r =5 and 0=0=12
- b

SSp2xydA =S""S? z(rcos) IrsinG) r drdG - 3

-S.J.-sin 128)dude Sin (20)=2singcost
is 13 ↳ b

-S.
*
[tr"sin (ze)]? dO =S.," sin (ze) de -- 3

=(- -cos(28)7Y =409↳ --


