Wee K 08: March qﬂf 2023

Section \4.1,15.1,£15.2: Toso Varioble Functions £ ¢ Double T_w\'egra\s

So far we have exclusively looked at functions of e form §=F00 and x=hly), out not all curves ar equations follow
this form. for example, a circle. The equotion of a civcle centeved at (0,0) with vadius v is given oy x*tyt=v. This
equation can not be transformed into one of the Forms menkioned above. We can solve for x ov y but are left with
y= 2 xT or x=!{FT\T but tese ave Yechnically fwo funchions each, te top and botom hemispheres or

fne \eft and right hewisphere.

Let us get familiar with these two variable Funchions with a visual example. Let's say we have o house with a circular
Floor plon with o cut- oF{-‘ for the entvance. The height ot any point in this house con be given oy the two variable

funchion | £x.) = 14-T55 L +). Using the picture ‘celow answer ine questions to the side.

) What regjon of e house ave you in of (10,5) and -10,-10)7

110,5)] is in the lining room, and (110,-10) fis in e \iving toom & shidy
(o) What is \'he heignt at (\0,5) ond (-10,-10)?

flio,8)= M- 15 (uowlsﬂ = Y- 106 |oo (v2s) = W -)1.25 = k2.5

£ (410,-10Y< M <700 (l—\o\‘*l—m"\= G| -\oo (200)= 14-2= 12
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L&) Where is the highest point? What is the height around the circular perimeter’
Highest point| happens when we. subfract O Fvom M, ie. Lo,o\

Around circulox e,dse Elxy) = - \oo Lgy)= W- \oo\ )= Y- \ool(zo\"')' U-4=10
(d) Write down the height funclion along the entrance in ’rexms of x with arange.
Using the eQuahon of Yne line §=x420, Flxy)=F(X, x-20)= 14 - S (x2}+ (x-z0% )
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1e) Pavameterize lor describe) the foyer region in Yerms of x and y.
X vanges from O/ to 120 | and \ ranges lin x Yerms) from x-20 o O
() Use e ideas of Riemann sums Yo find the internal volume of ¥ne 'ouse enclosed vy the foyer.
\olume enclosed oy Me surface Flx)l= £x,x-20)= 1-To5 (x®-N1) gver|the region =% uy) | 0¢x¢20, X-20£y €01,

x
! 4 Divide |the_vegion D up into small rectangular patches! with eyenly spaced Yorizontal and vertical lines.
BT < We: describe each square by its cenYer (x,y) with widn| dx| ond \eng*h A\ so it has avea
é\\é& A=Inx 1 Ay Since this scluave is| infinitely small, We. con assume the height Yo be £ix,y).Thus
/ NLISTNE Ptx,\n (14- 08 (X1 Y- Ax - AN. Tuek like. befare we can sum over el variables to get
\I= \:‘m_,i- 3 14- o5 L5 ) Dy AX.
Double Tntegyrals

Rectangulor Coordinates
The double m\egmhon of Flxy) over the rechng\e R: i(x,‘)\atxtb cened? is SS fxddA = S S Foov) dxdy  GF it exists).

exomple. Compute $5 X% tcostmxd - sin(ny) dA over R=[-2,-13xL0,I7.
SSR xN2tcoslnx)t sinluy) dA= Sf, S'l Xy ¥ costnx) & sinluy) dxdy
» o S; (& KiN2 & T sinlmd +_Xsin (mﬂ:'z dy  sinlmy) is o constant with respect 4o x
7
= .; B gtk sinlwy) dy
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Over CGienera) Regions

So for we have een working under the assumption the region we are working over is a vectangle but this isn't olwoys e cose.

The integral over any vegion D con be described in hwo wons:

W Vertically Simple

D= fix9) lag x¢ b, g,0¢y£g,00%
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G Horizontally Simple
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exomple. Compute SSD A wheve D=Elxdl1eye?, yexedd [bnis is cose aiv)

3
3 e an < S.’SI el dxdy
P T
3 S.t[\;e""]: dy * S.z ye'-ye' dy
[ e:'t' ‘!7. q’e‘].z

+,;\

= he-2e

>
:; Flx.) dx dy

exomple. Compute ¥e volume of the foyer in the house example above.
The fovert is|both |vertically|and horizontally simple sowe can do it Hoo [woys.
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Tn Yolar Coordinates

uy Nerhically [D=F0x) | 0£x220, x+20 £ 403
S:o Sk 14- 705 (x*+yD) dy dx

’S:o S:-zo 4 - 05 ¥ |- 0% ¥ | dvdx

’S:O 4y -ﬁ XN - %03' \\3]:-“ dx

-'-320 lbl(x-zo\-%o % (xr20) [~ 3_<‘>o (x-20) di

_ (W 2 L 3 L 0
‘So My - 290 -|ico xs-' sx"-soo xs" 5xz ~Yx +a§ dy
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() [hovizontally D= (x| -20¢y <0, 0$x<4N+20%
o vy{20 A
§-0 0] M-T66 Lty dx dy
{20 | |
=0 o | 1+ 00|t 766 & dlx dy
. L v
=% 1y - 306 x‘3 -ooytx /s | dy
° o
=S40 1ALyH0) - 366 (y#26Y -1300/ " (+20) iy
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=0+ G55 oY 15|10l BlL2of + 3 (420))
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Sofar ¥ne vegion D could eitner be described by Corfesion coordinates or oy funclions of cartesion coovdinates. Sometimes a region is
veker described in terms of polar coordinates \ike disks, ring, or portions of disks and rings. for instance it D is tne disk of radius 2
then D can be described by -2¢x¢2 and -MHoxTeye[u=x¥ OR 0¢@¢2w and 0¢ve2, which set of integrals looks easier Yo solve:

“(,F(x.q)dk S‘Jf_—g Pouyddydx = S:“ S: Flreose, rsin®)-¢- dedo.

To  converk from rec\-onau\av Yo polar:

"1:.' x‘l ‘_‘7-

o= kar (%) + 1 (comekimes « is not enough)

X= rcosO
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To converk polor to vectongular:

example. Convert each of the following points into the given coordinate system.

(0 (3,-3) wto polar

/1
o X~

(3,-3)

c={wtia = fig: 307

-1)=3
o= banlZ)F~

(o) (3,43") into polar

(3,3
®

> (12, ™) into rectangular

(¥T, M)

=t HEY = [i7: 253

«z tar {1 E): o

x= {7 cosWa)= @ (%)=
yz @ sinlw= 12 (F)= 1

d) (2, F0) into cectangulor.

e
(2,%%0)

Xz 2 cosl M6y = 2(-%5): -[F
y= 2sin(*y)= 2|-'2)= -1



|
exomple. Convert each of e tollowing equations into gum_ooom\ma‘e Nstem.
) 2x -5%* =1+ xy into pola (o) r=-8cos® into cartesian
2Urcos8)-50rcasd)= 1} lvcosB)lysind) v = -BreosO
2vcoshl-5¢Pca$O 2 | +Ir* cosh 5ind X4y =-B X
exomple. The densi m_& us 2m centered at the origin sitting in the tirst quadrant is given by the
ELMEQL\ P, = 22432 Fi of fer disc.
M
ydx Lt x

rdOdr x® xt

dé dr LrcosO) + [¢*

stzed)) t 3 dOdr
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inte)) ¥ 01, dv

mﬂ@?& D is ¥he region \oetween the circle of radius  2centered at e origin ne circle of radi at ¥
origin that \ies in the test quadeont.
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