
Population Modeling
A population y of a single species with unrestricted growth is given by the

differential equation d = ky for 10. The issue is that this model allows

growth with unlimited resources. There are no caps or restrictions.

The Logistic Model

In reality there are restrictions like a max population .
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unlimited population max population N with restrictions

= Cy(N-y) = CNyll-w) ; N = carrying capacity , k= intrinsic growth rateun
K

Examples :

Let H = number of non-infected humans (in thousands
z = number of infected humans (in thousands

Then is proportional to Hz by the rate K . (Law of Mass Action
i .e.E = k . H . z where K= 0.

Since the number of infected has a max population 140 thousand
H + z = N

H + z = 40

H = 40 - z

Thus = 0 . 1 140-z)7 with intial point 210) = 1



general solution :

1z(40 -z)= + 48- z

= 0
.1z(40 -z)

z(40- z)= + 48-z·
z(40-z)dz = 0 . 1 dt

1 = A(40 -z) + B(z)

(z140-z)dz =50
.

1 de 1 = 40A - Az + Bz
1 2

partial fractions z : 0z = Bz -Az

c: 1 = 40A

g140zdz = 50
.

1 dt
A =Ho

Yoln(z) -Yoln140-z) = 0
. It + c B= A=

derivative
,
check:

40. 1- 40 . 40-7-1 = 0 . 1 -

specific solution :

z(0) = 1 =(t
,
z) = 10

,
1)

40 In(1) - 40 (n140 -1) = 0 ./(0) +

io(0) - violn1391 = 0 + c

To In 139) = c

Yoln(z) -Yoln140-z) = 0
.
It -toln (39)

solve for Z :

Yoln(z) -Yoln140-z) = 0
.
It -toln (39)

40 (In1z)-In140-z)) =0 . It-voln(39) factor out do

In(z) - In 140-z) = 4t - In (39)

In148-z) =4t - (n(39) |n|x1 - In(y) = In Y



enlu-z) = g4t-In139)

Z 4t- In 139) eln(x) = X40 - z = e

Z 4t - In (39)
40 - z

= e - e gatba

Z

40 - z = e4te(n(sta) aln(x) = (n(x)

48z = e4t . 39 eln(x) = X

z = jaet(40 - z)

ze4t-yae

z + 39e4t=4

z(l + 39e4t) = 34qet

40e"t I

z = 39
: ll+zget)

40e4t
z = 39 + e4t

When does the infected population over take the non-infected? i .e .
z = 20

the expression above are equalities so pick the easiest to plug z = 20 into

48z = e4t . 39

20 14t
40 -20 = 392

1 = 39e4t

39 = ext

In139) = 4t

t= In(39) = 0 .91589 days



2. A population of fish grows with growth constant (intrinsic growth rate) of 0 .
5

inalake ocarryingcapacityof10 thousandismodeledbythe logisticdifferentiaa
initial population is 5 thousand

,
find a formula for p(t).

E = 0
.5p(1 - ,b) = pub = E + 1034
-

separable diff. eq. 10 = A(10- p) + B4

p(1-1) · dp = 0 .5 dt p: B- A = 0

c : 10 A = 10

Spcits dp = So
. 5 dt

1 2 A= 1
, B = 1

partial fractions
Sp + 10-pdp = 50

.5dt

general solution :

In1p1 - In /10 -pl = 0 .St + C

specific solution when plo) = 5 :

In151 -In110-51 = 0 . 5(0) +C

In 151 - In 151 = C

O = C

solve for p :

In1p1 - In 110-pl = 0 .St

In 1104-pl = 0 .
St In(x) - In ly) = In/Y

10p = e0.
St eln(x) = X

p = 20 .St
(10 - p)

p = 1020 .5t
- pp0 .St notice : this problem used 3 topics

· separable differential equations
p + pe0 .St

= 1020 .5t · partial fraction decomposition
· logarithmic/exponential rules

p(1+ e0 .St) = 10e0 .
St

10 e0 .St

p = 1 + e0 .St



Exit Ticket Separable Di!erential Equations

Separable Di!erential Equations The solution to the separable di!erential equations
dy
dx = p(x)q(y) is

dy

dx
= p(x)q(y)

1

q(y)
dy = p(x)dx

ˆ
1

q(y)
dy =

ˆ
p(x)dx

Find the general solution to the following di!erential equations:

dy

dx
= 6y2x1. y→ =

3x2 + 4x→ 4

2y → 4
2.

y→ = 2xe↑y → 4e↑y3.
dy

dt
=

cos2(y)

y
4.

Produced by Audriana Houtz, Mathematics Ph.D. student at the University of Notre Dame.

Sindy =flxdy * = zyy(3x2+4x -4)

-y" =3x + C S2y - 4dy = S3x2+ 4x -4dx

Y = -3x- c y2- 4y = x3+ 2x2- 4x +

I

-3x c

= Y

a = e+(2x - 4)
Sycos2ydy =S1dt

Se"dy =S2x-4dx Sy . sec(y) dy = S1dt

eY = x2- 4x + C

u= y
dv = seccy)dy

y = (n(x2 - 4x + c)
du= dy v= tanly

Ytan(y)- Stanly(dy = z + c

Ytan(y)-Sdy = + +c

u = cos(y)
du= -sin(y)dy

ytan(y) + Sidu = + + c

ytan(y) + In/cos(y)) = t + c


