
First Order Linear Differential Equations

Q: Solve the initial value problem : Xy + y = e
=Y and y(1) = 0 .

Does the left hand side remind you of anything ? A derivative rule?
product rule: (fg)' = fig + g'f

general solution : specific solution : simplify :

Xy + y = ex & y(1) = 0 y= 2xe2x +
(-ez)

x(xy) = ex 0 = zie + ii y
= 2xe2x-

((xy)'dx = Sedx 0 = ze + c y = 2x(e2x -e
Sf'dx = f +c

c =-e
Xy= e2x + c

y = 2xe + Y

First Order Linear Differential Equations

Standard form : y + A(x)y = B(x)

d
The key to solve it is to have something like dx ((x)y) on the left hand side and a function only in terms of X

(LHS) and a function only in terms of X on the right hand side (RHS) .

x(x(x(y) = x(x)y + x'(x)y

In order to get y + Alx)y to resemble d ((x)y) we must multiply by alx) on s :

both sides :

2(x)y + x(x)A(x)y = x(x)B(x)

For the two to be equivalent we need a function <(x) such that :

x'(x) = x(x)A(x)

W



We can use separation of variables to solve this :

da

dx = xA(x)

2dx = A(x)dx All this to say :

Sdx = SAIx)dx x= e
SAIX)dy

In (x) = SA(x)dx

(x) = eSA(x)dx

We can now integrate both sides :

<(x)y + x(x)A(x)y = x(x)B(x)

All this to say :

dx(a(x)y(x)) = <(x)B(x) y(x) = x(x) = Sa(x)B(x)dx +c

is the general solution.

Saix)(x(x)y(x))dx = (x(x)B(x)dx

x(x)y(x) = Sx(x)B(x)dx

y(x)= x(x)Sx(x)B(x)dx

Steps to solve :

1

. Write the equation in standard form y + A(x)y = B(X)

# compute integrating factora(x)= eSAixdX

# find the general solution y(x)= xix) Sa(x) B(x)dx +c

# If required ,
find a particular solution.

Examples :

1
. y' - (tan(x))y= 1 = y(0) = 3 2

.
xy + Sy = y

I. y + ( -tan(x)) .y = 1 I. y + -y=
ex

A(x) = - tan(x) ; B(x)= 1 A(x)= ; B(x) = xY



#
. x(x)= eS-tan(x)dx #. x(x) = eS *dx

In/cos(x))
= e = g5/nIXI
= COS(X) = pin(x

= XS
#

. y(x) = cos(x) =S(cos(x)).. (1)dx + C

#· y(x)= xs[SxS - Ydx + c]
= cos(x) Sin(x) +c

= (s(Sxe dx +c]
Sin(x) C

=
cos(x) + cos(x) u= X dv = e

*dx

C
= tan(x) + cos(x)

=xs[xdU-IXT
#V. @ y (0) = 3 =x(xe*

- e + c]

3 = tanlo) + coso =
3 = 1 + -

3 = C Y(x) = x - y+

y(x) = tan(x) + cos(x)


