
Taylor Polynomial & Taylor Series
In this section we want to represent functions with power series. Let us start

A

with the geometric series:Gar" = 1-r for Irk
1
. If we take a= 1 and r = X

,
then

wehave=forThismeanswecanrepresentthefunctiona f(x) = 1
has a power series representation Itx + xi + x3 + ... centered at X = 0 for the interval of

convergence - kX11 .

Taylor Series

A function f(x) is said to be analytic if it has a convergent power series

representation for each c,

f(x) =dotailx-c'tazlx-c+.. tan(x-c(4+ ... for -rax-cldp

where the coefficients a; and radius of convergent rare to be determined.

We call this series the Taylor Series of the function f(x) centered at X = c.

Maclaurin Series.

For the special case of c = 0
,

we get :

f(x) = do + d , Xi + azx* + dyx
*

+... for - raXr .

We call this series the Maclaurin Series for f(x) or the Taylor Series for f(x)

centered at x = 0.

Derivation Taylor Series

Given a function with a power series representation about c,

f(x) = @an(X -c = do + a, (x-a) + ((x-a) + ((x-a) + ...
n=0

that has derivatives of every order that we can find . We can find the an

coefficients an

first
,
evaluate every thing at x = c. Then f(c) = do

So all terms except the first are zero and we now know do = fla).

This doesn't tell us much about the other a: 1 i > 0) . However
,
if we take the

derivative of the function and its power series then plug in X = C
,

we get
f'(x) = a , + 2az(x-x + 393(x - x2 + 494(X- c3 +...

f'(c) = a ,

We can continue this process with the second derivative

f"(x) = zaz + 3 . 2az(x- c) + 4 . 394(X -c2 +...

f"(c) = 2az



f"ich
Az = 3. 2

We can repeatively do this process to receive the general formulaf"(C)
an = n!

All together we have the following Taylor series for f(x) about X =,

f(x)= (x -x)

= f(x) + f()(X-c) +
+"(X-c+ (x-c3 +

+h(x -x" + ...

Similar to defining partial sums,
the Nth degree Taylor polynomial of f(x) is

,

TN(x)= (X-xV
.

Note that there are Maclaurin equivalent for these when c = 0.

We can also talk about the error between the function f(x) and thewth degree
Taylor polynomial for a given N : R(x)= f(x) -Tw(x)

Examples :

1
. Find the third Taylor polynomial for the function In (x+2) centered at

X = -1 and estimate In 10 .8) .
0

Ty(x)= (x -c)
O

= (x-c +Y (x -x +
+&(x -c + + (x-c + f y(X -c

"
*

Ty= up to deg 4.

f(x)= (n(x+2) f( - 1) = (n (1) = 0 (x - c) = (x --1)
f'(x)= (x+2) f(-1) = + = 1 = X + 1

I

f"(x)= -

(x+2)2 f"( -x) = - i = - 1

f'(x) = 1x=2)3 f (-1) = 33 = 2
- 6 f (-1)=

0
fr(x)= (x+2)4 in = -6

Ty(x) = 0 + Y(x +1 + z(x+ 1(2 + 3(x+13 + q(x +1)
+

= (x+1) - 2(X+12 + =(x+1) -G(x +1)4
X

In10 .
8) = (n)-12 +2) = ( - 1 . 2 + 1) - z) - 1 . 2+ 1(2+ 5) - 1 .2 + 13+ z) - 1 . 2+ 1)

*

Ty(x) is for In (x +2) = 10 .8)- (0 .8)2 + 55(0 .8)

= 1 - x - 2X - nx + 24xdx

0 .2
= [x- X + Tox - vx7 + 2xJo



2. (a) Find the Taylor Series for f(x)= e* about X= 0.

First we take note that f" = e
*
and f"(0) = e = 1 for n= 0

,
7

,
2

,3 , ...

Therefore
,
the Taylor series f(x) = ex about X= 0 is

ex=X-a=

b . Use the Maclaurin polynomial Ty(X) for ex to estimate e0.2

eX = Ty = 1+ x+ x + (x3 + hix= go until this says 4 not 4 terms

20.2
= Ty(0.2) = 1 + 10 .2)+ 10.213 +-10 .2(3 +π(0 .2)" = 1 . 2214

C . Estimate the error of the estimate for e0?

R(x) = f(x) - T(x)

= e0 .2-1
. 2214

= 10 .-10.=Banan allmustee

=s 10 .2)h

d. Estimate thevalue of S. e
*
dx using Tylx) for et.

Soe*dx = STy)- xY)dx

= S821 - x + 2x " - x4 + 2x: dx

↓
= 2x- x3 + voxs -
z + 213x978 .2


