Toylor Polynomial § Taylor Series

Tn this sechion we want 1o represent functions with power series. Let us start
with the e,omelwc sevies: 2 ar"=1-F for Irlel. TF we take a=1 and r=x, then
we have 2, x"= Fx for lxlci Thisfmeans we can represent the function
fuo=T-x \-x wd—h the power series Z.x" for Ixlel, we soy Hhat e funchon fix)= \-x
hos o power series representation 1tx¢x*+x3t... centered at x=0 for the  interval of
convergence -1¢xel.

Toylor Series

A function Px) is said to be analytic if it has a convergent power series
representation for each ¢,

BIX) =0t ailx-cV ¢ Oalx-CY ¥ ook G-V ... for -velx-c)ev
wheve the coefficients a; and radius of convergent r ave o oo determined.
We call thig sevies the Toylor Series of the funclion fix) centered at x:=c.

Maclaurin Series.

for the special case of c=0, we oet:

F)z 00t ax'+ Qe xt+ Ayx* +... for ~rexer
We call this series the Maclaurin Series for £x) or the Taylor Series Pfor £0x)
centered at x=0.

Derivation Taylor Series

Given o (-\unci-iovl with a power series representation about c,
For= 2 anlx-c)" = Aot i (x-a)¥ Cz (x-a) + C3lx-aP +...

Yot has derivatives of every ovder that we con Find. We can find the
coefficients an.

First, evaluate every thing at xzc. Then £(e)= do.
So aII terms except the first are zevo and we now kKnow ae: £lo).
This doesn't Yell us much about the other a; (i>0). However, if we toke the
derivative of the function andits power series then plug in x=c, we get
F'(x)e Ok 20, (x-¢) + 303(x-CY + YAy (x-CY &...
£'lecr=a,

We con continue this process with the second derinative
F“‘tx)= 202 % 3-201 (X-C) + 4-3ay (x-O +...
F )= 20,



Q3= 3.2

We canﬂ{%pea*'wely do this process to receive the geneval formula

On= ny .
AL together we have the fllowing Toylor series for FU0 about x:=c,
fi) = :é'%l (x-c)"”
= flerr F'ledix-cy &%’ (x-o)'+ %) (x-c.)” t ﬂé'g Lx-d" t...
Similar ‘o deCinins portial sums, the N* degree Toylor polynomiol of £ is,
TaX)= :%o%&(x-c)".
Note Hhat feve ave Maclaurin equivalent For ¥nese when c=o.

We con also Yalk about the error between the funchon FUd and the N™ degree
Toylor polynomial for a given N: RULI= £O) - T 1%)

Examples:

1. Find the thivd Toylor polnomial for the funchion Inlxt2) centered ot
x=-1 and estimote Wn(0.8).

N, n
Tubo= 21 AP x-e )"

() £10) R A3 £ o w
= v (x-c) + in (x-ed+ z—f x-cY + 3\.° (X-C\s\'c_qp' (x-¢)'

fx)= Inlx+2) £-)=Wnl)=0 (x-c)= (X -(-1))
f'ix= Iﬁ‘s flv=t =1 = X4\
£'00= - Gay Play=-g=-1

£ : T ()= w=2

E(X)= TRpT PN =

Tu)=0 ¢ flxer+ 28 LxeiTr Frlxpt + 2t (xn)
= (xk) - Z(XHY+ 5xnY -8 xn)

lOB) = Inl-1242) = (-1.2+0) - 5 (-128 )5k B 112 1Y e E (-L24)”
= 0.8) -2 (08) +3(0.8)"



2. (o) Find the Taglor Series for Fixy=e* ooout x=0.

First we Yake note that f"-e* and f"0)=e’:=1 for n=0,1,2,3,...
Thevefove, e Taylor sevies £x)=e* about x=0 is

2 o) 2 X"
eX= 2t (X-0)" = &

b. Use the Maclaurin polynomial Tyx) for eX Yo estimate e>?
X S ‘_ 3 |_
e X Ty=1+x+ 2T X" +730 x> + q1 x9
\
2 T(0.2)= 1+ 1023+ 7T 0.2 + 50 Loz + 1 0.2 = 1.2214
C. Estimate the error of the estimate for €22

R(X= FOO - Tx)
= e22-1.2214

d. Estimate the l\mt\u\e of S: T e* dx using T4 (x) for &
L ) 0.
So € dx = So th-x")a\x
2 \
=S, lext+ 7 x4 -5 x¥ + 20 xP dx

L . . 2
=[x-3C rioxS-mxt rze L1



